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Abstract

Numerical solutions of Einstein’s equations for black-hole-binary systems play an important role in
attempts to observe and measure gravitational waves. The most popular and robust approach to do
this is the “moving puncture method”, which is based on the ADM-BSSN decomposition of Einstein’s
equations. The computational cost and efficiency of such codes is dominated by the numerical res-
olution required near the black hole. Given the coordinate freedom of general relativity, we can in
principle change the coordinate size of the black holes, and thus relax these resolution requirements.
In this work we explore one approach to do that, where the standard moving-puncture gauge condi-
tions are modified to introduce a component to the “shift vector”, which adjusts the coordinates in the
vicinity of the black hole and “stretches” the horizon. We find that we are able to rescale the coordinate
size of the Schwarzschild black hole considered in this work. Closer analysis of constraint violations
reveals that the constraints do not converge to zero, suggesting an inconsistency somewhere in the
implementation of the method. The current work suggests that the method holds promise, once these
inconsistencies are corrected.
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Chapter 1

Introduction

The theory of general relativity forms the foundation of our understanding of modern cosmology, the

physics of neutron stars and black holes, the generation of gravitational radiation, and any other cosmic

phenomena in which strong-field gravitation plays a dominant role.

The theory itself has never been tested except in the weak-field, slow velocity regime. Solutions

to Einstein’s equations have not been explored in much detail except for analytical solutions with a

high degree of symmetry. Solutions that lack symmetry are difficult to work out analytically, and

in most cases not even possible. Also, most of the dynamical scenarios thought to occur in nature

lack any symmetry and so one has to solve Einstein’s equations numerically. With the advancement

in computing technology, it is now possible to tackle these complicated equations numerically and

explore these scenarios in detail. This is the main goal of numerical relativity.

Starting this year, a number of gravitational wave detectors will go on-line, allowing the observa-

tion of gravitational radiation for the first time [2]. One class of events which is expected to produce

detectable radiation is the coalescence of two black holes. For distinguishing such an event from oth-

ers, and interpreting the data from such an event, it will be important to calculate the parameters of the

waveform for collisions between two black holes [3]. To produce those waveforms, it will be necessary

to solve Einstein’s equations for the relevant physical situations.

The field equations are a set of coupled, nonlinear, partial differential equations. There is no

analytic solution for the problem of two black holes in orbit. In general, perturbation theory is not
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applicable, due to the strong gravitational fields involved1. Therefore, the problem must be solved nu-

merically. In doing so one soon finds that solving Einstein’s equations numerically for even a spherical,

stationary black hole is a challenging problem in itself.

Numerical Relativity being a vast subject, in this thesis we partially explore the gauge or the co-

ordinate freedom in solving Einstein’s equations. In particular we want to improve the accuracy and

efficiency of the existing simulations and want to understand how to be able to control the gauge

dynamics in numerical simulations. Our approach is based on being able to control the size of the

black holes apparent horizon. Being able to do so will allow one to make the simulations faster. This

can be seen from the Courant relation dt ≤ 1

2
dx, where dt is the time resolution and dx is the grid

resolution.

1.1 Organization

This thesis is organized as follows: in Chapter 2 we describe the theoretical framework for the numeri-

cal evolution of the Einstein’s equations. We start with a short note on general relativity in Section 2.1

and then in Section 2.2 motivate why we need accurate and efficient numerical spacetimes by showing

order of magnitude estimate for gravitational waves that are generated in cataclysmic events such as

coalescence of two black holes, which the numerical spacetimes simulate. In Section 2.3 we present

a brief derivation of the 3+1 decomposition (ADM formalism) of Einstein’s equation that form the

basis for solving the field equations on a computer. In Section 2.4 we summarize the modified form

of the ADM formalism, namely the BSSN-formalism which is the workhorse for stable evolution of

the field equations. We then give a brief introduction to obtaining initial data for the specific system

to be evolved in Section 2.5. ‘Good’ choice of the gauge (coordinates) for stable numerical evolution

of Einstein’s equation is important. We present a short note on this in Section 2.6 and the particu-

lar choice we used in this thesis. Section 2.7 show the convergence results from the evolution of the

discretized field equations (BAM code).

In Chapter 3 we introduce the concept of apparent horizon which is an important diagnostic tool
1Perturbation theory can be used to describe the ringdown.
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used during numerical evolutions. In Section 3.1 we give an introduction to trapped surfaces in GR and

derive the equation for the apparent horizon. We briefly describe how apparent horizons are located

on a numerical grid in Section 3.2 mainly focusing on ‘Flow’-algorithm that the BAM code uses. We

present the modification to the BAM code in Section 3.3, particularly presenting the idea that we are

trying to pursue for ‘shifting’ the horizon in order to to control the coordinate size of a black hole. We

present the results that we have obtained so far in Section 3.4.

1.2 Notation and Conventions

Throughout this thesis, we will use the unit convention that the gravitational constantG and the speed

of light c are unity unless stated otherwise. Greek indices and Latin indices a− h and o− z are taken

to run from 0 to 3, and Latin indices i− n from 1 to 3. The metric signature used is (- + + +).

Partial derivatives with respect to a coordinate xi will be indicated with the symbol ∂i. Covariant

differentiation with respect to a coordinate xa on a 4-dimensional spacetime will be indicated with the

symbol∇a , and covariant differentiation with respect to a coordinate xi on 3-dimensional slices will

be indicated with the symbolDi . Lie differentiation with respect to a vector field na will be indicated

with the symbol Ln.

Gauge Dynamics In Numerical Relativity



Chapter 2

Numerical Spacetimes

2.1 Reviewing General Relativity

The field equations of general relativity relate the geometry of spacetime with its matter and energy

content. Written in index notation they state:

Gab = Rab −
1

2
gabR = 8πTab (2.1)

where gab is themetric tensor,Rab is the Ricci tensor,R is the Ricci scalar, Tab is the energy-momentum

tensor and the Einstein tensor Gab is a nonlinear differential operator on the metric. Natural units are

chosen such that c = G = 1. The Ricci tensor is a contraction of the Riemann tensor in the first and

the third indices, i.e., Rab = Rc
acb. The Riemann tensor can be computed from the metric gab and its

connection Γabc =
1

2
gad (−∂dgbc + ∂bgdc + ∂cgbd) as

Ra
bcd = ∂cΓ

a
bd − ∂dΓabc + ΓebdΓ

a
ec − ΓebcΓ

a
ed (2.2)

Written in terms of the metric components and their partial derivatives, Einstein’s equations man-

ifest their character as nonlinear partial differential equations of second order in the metric field, the

quantity for which they are to be solved in a metric formulation.

GR being a relativistic theory, it’s causal structure is defined by the light cone. The dynamical
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quantity of GR is the gravitational field, which is encoded in the metric, and its perturbations propagate

in the form of radiation. This gravitational radiation, also called gravitational waves, can be imagined

as ripples of the spacetime curvature that travel at the speed of light.

In this thesis we worked with the Schwarzschild spacetime which is a vacuum solution to Einstein’s

equation. In this spacetime T vanishes, and the Einstein equations reduce to setting each component

of the 4-dimensional Ricci tensor, (4)Rab to zero. So wherever the source term appear in the equations

in this thesis, they can be put to zero, unless explicitly indicated otherwise.

2.2 Gravitational Waves

In this thesis we worked with a spherically symmetric black hole solution of the Einstein’s equations,

namely the Schwarzchild solution. Since a spherically symmetric black hole does not radiate, we did

not have to worry about wave extraction. But for the motivation to see why accurate and efficient

numerical simulations of the sources generating gravitational waves are important we present a brief

summary on gravitational waves.

Gravitational waves (GWs) were predicted by Einstein [4] in his study of the wave phenomena in

linearized gravity. However, due to the physical and mathematical complexity of the theory, the coor-

dinate dependent quantities involved in the calculations and the background independence of GR, the

question of whether GWs were actual physical phenomena or simply coordinate effects was raised and

it was not until the 1960s that the physical nature of GWs, interpreted as free gravitational degrees of

freedom carrying positive energy [5] [6], was finally understood.

GWs are emitted by non-spherically accelerated massive objects and they have such a small am-

plitude that no direct observation has taken place so far. Thanks to the discovery of the binary pulsar

PSR 1913+16 by Hulse and Taylor [1], their discovery gave an evidence for the existence of GWs. The

pulsar forms a binary system with another neutron star, and the energy loss that causes the shrinking

of the distance between both corresponds to the emitted GW radiation predicted by GR.

Gauge Dynamics In Numerical Relativity
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2.2.1 Radiation

From the theory of radiation field, a radiation must be able to carry energy to infinity. If the amplitude

of the field a distance r from the source in the direction (θ, φ) is denoted by A(r, θ, φ) then the flux

through a spherical surface at that distance is

F (r, θ, φ) ∝ A2(r, θ, φ)

If we assume that the radiation is spherically symmetric, i.e., A(r, θ, φ) = A(r) then the luminosity is

L(r) ∝ A2(r) 4πr2

Expanding the static field of a source in moments, the slowest-decreasing moment (the monopole)

decreases like A(r) ∝ 1/r2 , implying that L(r) ∝ 1/r2 and hence no energy is carried to infinity.

Two important conclusions can be made regardless of the nature of the radiation (electromagnetic

or gravitational). First that the radiation requires time variation of the source and second that the

amplitude must scale as 1/r far from the source.

For the case of gravitational radiation the monopole moment is
∫
ρ(r)d3r, which is simply the

total mass-energy and that is a constant. Therefore, there cannot be monopolar gravitational radiation.

The static dipole moment is
∫
ρ(r)rd3r and this is just the center of mass-energy of the system. In

the center of mass frame, therefore, this moment does not change, so there cannot be electric dipolar

radiation in this frame (or any other, since the existence of radiation is frame-independent). The equiv-

alent of the magnetic dipolar moment is
∫
ρ(r)r×v(r)d3r. This is the total angular momentum of the

system and so its conservation means that there is no magnetic dipolar gravitational radiation either.

The next static moment is quadrupolar, Iij =

∫
ρ(r)rirjd3r and this is not conserved, therefore there

can be quadrupolar gravitational radiation.

This analysis gives some idea about the type of motion that can generate gravitational radiation.

For example, a spherically symmetric variation is only monopolar, hence it does not produce radia-

Gauge Dynamics In Numerical Relativity
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tion. Next, a rotation that preserves axisymmetry (without contraction or expansion) does not generate

gravitational radiation because the quadrupolar and higher moments are unaltered. For example, a neu-

tron star can rotate arbitrarily rapidly without emitting gravitational radiation as long as it maintains

axisymmetry.

2.2.2 Order of magnitude estimates

Here we would like to present an order of magnitude estimate as it shows why detecting gravitational

waves is so challenging. This also motivates why the numerical simulations have to be very accurate

and efficient as the numerical waveform will be important in the detection process.

When consideringGWs, one often separates the spacetime into a component that is time-independent

(the background spacetime) and a component that varies with time (the GWs). One also assumes that

the measurements are far enough from the source such that the background spacetime is flat. The

time-dependent metric produced by gravitational waves can then be written as

gab = ηab + hab (2.3)

where hab is very small such that one only considers its linear contribution to any equation. Therefore,

the indices are raised or lowered using ηab or ηab, respectively . Using Eq.[2.3] one can construct the

linearized version of the Einstein field equations. In the linearized version the field equations reduce

to a wave equation. Two important results from the linearized version are (i) the waves are transverse,

just like the electromagnetic waves, and (ii) there are two polarizations, different from the EM ones

owing to the quadrupolar (spin-2) nature of gravitational waves.

One can do a ‘back of the envelope calculation’ to compute the order of magnitude for the dimen-

sionless amplitude h of a metric perturbation at a distance r from a source. As we saw, the lowest order

radiation has to be quadrupolar, and hence depends on the quadrupole moment Iij =

∫
ρ(r)rirjd3r,

therefore [Iij] ≡ MR2, whereM is some mass and R is a characteristic dimension. Since the ampli-

Gauge Dynamics In Numerical Relativity
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tude has to be proportional to 1/r, we can write

h ∼MR2/r

h should also be dimensionless but here it is distance squared1(in geometric units whereG = c = 1,

mass, distance, and time all have the same effective units). Also, time derivatives have to be involved,

since a static system can’t emit anything. Two time derivatives will cancel out the present units and so

we have

h ∼ 1

r

∂2(MR2)

∂t2

Restoring the above approximation back in the physical units by using appropriate factors of G and c2

we get

h ∼ G

c4

1

r

∂2(MR2)

∂t2

Now it is quite apparent that the prefactor is tiny, and so unless M and R are large, the system is

rapidly changing, and r is small, the metric perturbation is minuscule. From this a rough estimate for

a circular equal mass binary (scaled to a double neutron star) can be written as

h ≈ 10−22

(
M

2.8M�

)5/3(
0.01 sec

P

)2/3(
100 Mpc

r

)

2.3 The 3+1 (ADM) Formalism [7]

2.3.1 3+1 Foliation

In Einstein’s treatment of gravity, time and space are kept on an equal footing. For solving the field

equations numerically, it is important to transform the equations into a form in which they can be

integrated forward in time. This is achieved by writing the field equations in the form of a Cauchy

problem or an initial value problem. Once that is done, one has to find an appropriate initial data

set. Then, to evolve the initial data set, one has to specify spatial boundary conditions and gauge
1or mass squared, or time squared
2IfM is a mass, GM/c2 has units of distance, and GM/c3 has units of time

Gauge Dynamics In Numerical Relativity
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conditions. One way to achieve this is to follow 3+1 split that assumes a family of three-dimensional

surfaces Σt that foliate spacetime with a continuous parameter t. At each point the ten equations of

[2.1] can be projected onto the local hypersurface and onto the normal to that surface na . An observer

who is falling along the normal will measure the proper interval α ( i.e; dτ = αdt), called the lapse

function between slices. Additionally he can have a spatial displacement vector βa , called the shift

vector, such that his time direction ta is:

ta = αna + βa (2.4)

Where na = −α∇at and ta is tangential to the time lines, the lines with constant spatial coordinates.

In general ta 6= ∇at, because the previous relation yields ta = −α2∇at+ βa. Using the definitions of

ta and na we obtain that ta∇at = 1, which means that ta is a basis vector and∇at is a basis covector.

Figure 2.1: A foliation of the spacetime manifoldM. The hypersurfaces are level surfaces of the
coordinate time t. The normal vector na is orthogonal to these t = constant spatial hypersurfaces. [7]

2.3.2 3+1 decomposition

Objects (tensors, vectors or one-forms) appearing in the equations are decomposed into spacelike and

timelike parts by projecting them tangential to the spacelike surfaces (Σt) or perpendicular to them

(along na), respectively. For projecting perpendicularly to Σt, a tensor is contracted with na . The

projection tangential to Σt is performed using the projection operator

γab ≡ δab + nanb (2.5)

Gauge Dynamics In Numerical Relativity
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to contract the quantities (this can be viewed as removing the timelike part). As an illustration of the

3+1 projection procedure, the decomposition of a tensor T ab is given by

T ab = δacδ
b
dT

cd = (γac − nanc)(γbd − nbnd)T cd

= γacγ
b
dT

cd︸ ︷︷ ︸− γacnbndT cd − γbdnancT cd︸ ︷︷ ︸+nancn
bndT

cd︸ ︷︷ ︸ (2.6)

Σt‖ mixed terms Σt⊥

Induced Metric

Projecting the 4-metric onto the hypersurface Σt gives a spacelike projection of the metric (γab) in-

duced on Σt from the 4-metric gab. The 4-metric and the spacelike projected one are related as

γab = γcaγ
d
bgcd ≡ gab + nanb (2.7)

where we used the relation naγab = 0, which holds because γab is spacelike.

The three dimensional space on the spacelike hypersurface Σt can be described using the three

dimensional spatial part ofγab , that will be denoted by γij

dl2 = γijdx
idxj (2.8)

Now to decompose gab, its components can be expressed in terms of α, βi and γij . For this, each

of its components will have to be determined. They are given by gµν = gabe
a
µe
b
ν as follows, where

the relations nana = −1, βana = 0, βµ = (0, βi), naγai = 0 and βaγai = βi have been used:

g00 = gabe
a

0e
b
0 = gabt

atb = tata = (αna + βa)(αna + βa) = −α2 + βkβk

g0j = gabe
a

0e
b
j = tbe

b
j = (αnb + βb)γ

b
j = βbγ

b
j = βj

gi0 = gabe
a
ie
b
0 = · · · = βi

gij = gabe
a
ie
b
j = gabγ

a
iγ
b
j = γij

(2.9)

Gauge Dynamics In Numerical Relativity
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The metric gab and it’s inverse gab can now be written in a matrix form as

gab =

 −α2 + βkβk βj

βi γij

 and gab =
1

α2

 −1 βj

βi α2γij − βiβj



Now from Eq. [2.7] and using na = (−α, 0), and na =
1

α
(1,−β) we can write γab and it’s inverse

γab as

γab =

 βkβk βj

βi γij

 and γab =

 0 0

0 γij


The invariant distance between two infinitesimally separated events can now be written as

ds2 = −α2dt2 + γij(dx
i + βidt)(dxj + βjdt) (2.10)

Figure 2.2: Pythagoras theorem in 3 + 1 dimensional spacetime. The normal vector αna and the time
vector ta connect points on two neighboring spatial slices. The shift vector βi resides in the slice
and measures their difference. The infinitesimal displacement vector dxa connects two nearby, but
otherwise arbitrary, points on neighboring slices (e.g., the point A at xi on slice t and the point B at
xi + dxi on slice t + dt). The total displacement vector dxa = tadt + dxi , where dxi is the spatial
vector drawn in the figure, may be decomposed alternatively into two vectors that form the legs of a
right-triangle, dxa = (αnadt) + (dxi + βidt), as shown. Using this decomposition to evaluate the
invariant interval ds2 = dxadxa , yields the Pythagorean theorem, equation [2.5] [7]

Gauge Dynamics In Numerical Relativity
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Extrinsic Curvature

One introduces the extrinsic curvature,Kab , which describes the warping/deformation of the 3D slice

in the 4D Lorentzian space in which it is embedded. This quantity is defined by projecting gradients

of the normal vector, i.e., γcaγdb∇cnd. This projection is split into a symmetric part, known as the

expansion tensor and an anitsymmetric part called the twist(rotation 2-form),

θab = γcaγ
d
b∇(cnd)

ωab = γcaγ
d
b∇[cnd]

(2.11)

The twist(ωab) is zero as a result of na being rotation free. The extrinsic curvature is now defined as

the negative of the expansion

Kab ≡ −γcaγdb∇(cnd) (2.12)

Since na are normalized, they can only differ in the direction in which they are pointing, and the

extrinsic curvature therefore shows how much this direction changes from point to point across a

spatial hypersurface. Therefore, the extrinsic curvature measures the rate at which the hypersurface

deforms as it is carried forward along a normal.

2.3.3 3+1 decomposition of the field equations

In order to express Einstein’s equations in terms of the 3+1 variables, a spacelike equivalent to the

covariant derivative ∇a is formed by using the projection operator i.e., Da ≡ γba∇b. This acts on

spatial tensors and follows the same property as the 4D covariant derivative i.e.,

Dkγij = 0 = γdkγ
a
iγ
b
j∇dgab

3 (2.13)
3∇dgab = 0 in order to define a connection that is metric compatible.

Gauge Dynamics In Numerical Relativity
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Projections of the Riemann tensor4

In order to cast the Einstein’s equations [2.1] in 3+1 variables one has to first decompose the four-

dimensional Riemann tensor (4)Ra
bcd. This requires three independent projections:

• Projecting all the indices onto the spacelike hypersurface Σt : Gauss’s equations

γeaγ
f
bγ
g
cγ
h(4)

d Refgh = Rabcd +KacKbd −KadKbc (2.14)

• Projecting onto Σt the Riemann tensor contracted once with the normal vector : Codazzi’s equa-

tions

γeaγ
f
bγ
g
cn

d(4)Refgd = DbKac −DaKbc (2.15)

• Projecting onto Σt the Riemann tensor contracted twice with the normal vector : Ricci’s equa-

tions

γeaγ
f
cn

bnd(4)Rebfd = LnKac +
1

α
DaDcα +Kd

cKad (2.16)

The 3+1 equations

Now one just needs to take the equations of Gauss[2.14], Codazzi[2.15] and Ricci[2.16] and eliminate

the 4-dimensional Riemann tensor using Einstein’s equations[2.1]. The following results will be used

in the decomposition of the Einstein equations:

γacγbd(4)Rabcd = (4)R + 2nanb(4)Rab = 2nanb(4)Gab

γabnc(4)Rbc = γabnc(4)Gbc

(2.17)

Contracting the Gauss equation[2.14] twice using γab we get

γacγbd(4)Rabcd = R +K2 −KabK
ab (2.18)

4For complete derivation refer [7]

Gauge Dynamics In Numerical Relativity
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where K ≡ Ka
a is the trace of the extrinsic curvature. Now using Eqs.[2.1], [2.17] and [2.18], and

defining the energy density ρ to be the total energy density(ρ ≡ nanbT
ab) as measured by a normal

observer na we get

R +K2 −KabK
ab = 16πρ (2.19)

From the Codazzi Eq.[2.15] and using Eq[2.17] we get:

γabnc(4)Rbc = γabnc(4)Gbc = DaK −DbK
ab (2.20)

Using Eq[2.1] and writing Sa ≡ −γabncTbc for the momentum density measured along the normal

direction we get

DbK
ab −DaK = 8πSa (2.21)

Contracting only once the Gauss equation[2.14] yields the following relation:

γdaγ
f
b

(
(4)Rdf + ncne(4)Rcdef

)
= Rab +KKab −KacK

c
b (2.22)

Now using Ricci Eq[2.16] for substituting the second term in the above equation and using projection

of the Einstein equations written in terms of the Ricci tensor 5 to substitute for the first term, we get:

LtKab = −DaDbα + α (Rab − 2KacK
c
b +KKab)− 8πα

(
Sab −

1

2
γab(S − ρ)

)
+ Lβ̄Kab (2.23)

where we have used the relations Lt ≡ Lαn+β̄ ≡ αLn + Lβ̄ , Sab ≡ γcaγ
d
bTcd and S ≡ Saa. Above

is the evolution equation for the extrinsic curvature. The extrinsic curvature can also be defined as the

Lie derivative along the normal na of the spatial metric γab

Kab = −1

2
Lnγab = − 1

2α

(
Ltγab − Lβ̄γab

)
(2.24)

5γcaγ
d
b
(4)Rcd = γcaγ

d
b

(
8π(4)Tcd −

1

2
gcdg

ef (4)Tef

)

Gauge Dynamics In Numerical Relativity
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This gives the evolution equation for the spatial metric. Eq.[2.19] is the Hamiltonian constraint and

Eq.[2.21] is the momentum constraint. The constraint equations are to be satisfied on each of the

spatial hypersurfaces. Eq.[2.23] and Eq.[2.24] are the evolution equations. Eqs.[2.19], [2.21], [2.23]

and [2.24] are collectively called the ADM 6 equations.

Analytically, the evolution equations are guaranteed to preserve the constraint equations. Numeri-

cally, however, they do not due to numerical errors. Therefore, it is important to monitor the constraint

equations during the evolution, in order to gauge the size of numerical errors.

2.4 The BSSN Formalism

The BSSN 7 system is based on the York-Lichnerowicz Conformal Decomposition and rewrites the

above ADM equations [2.19], [2.21], [2.23] and [2.24] to deal with the numerical instabilities. First

the spatial metric γij is decomposed into a conformally related metric γ̄ij with determinant γ̄ = 18

(assuming Cartesian coordinates) and a conformal factor ψ followed by the split of the extrinsic cur-

vature into a trace-free Aij and a trace part K. The traceless part is then conformally transformed as

we do for the metric,

γij = ψ4 γ̄ij ,

Kij = ψ4Ãij +
1

3
γijK

(2.25)

The Hamiltonian constraint [2.19] becomes

γ̄ijD̄iD̄jψ −
ψ

8
R̄ +

ψ5

8
ÃijÃ

ij − ψ5

12
K2 + 2πψ5ρ = 0 (2.26)

while the momentum constraint [2.21] becomes

D̄j(ψ
6Ãij)− 2

3
ψ6D̄iK − 8πψ6Si = 0 (2.27)

6Arnowitt-Deser-Misner
7Baumgarte-Shapiro-Shibata-Nakamura
8Appropriate in the case of Cartesian coordinates, but it is incompatible with coordinates adapted to spherical symme-

try. This constraint is relaxed in the Generalized BSSN (GBSSN) formalism
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The evolution equation [2.24] for γij splits into two equations,

∂tlnψ = −1

6
αK + βi∂ilnψ +

1

6
∂iβ

i ,

∂tγ̄ij = −2αÃij + βk∂kγ̄ij + γ̄ik∂jβ
k + γ̄kj∂iβ

k − 2

3
γ̄ij∂kβ

k

(2.28)

while the evolution equation [2.23] for Kij splits into the two equations

∂tK = −γijDjDiα + α(ÃijÃ
ij +

1

3
K2) + βi∂iK ,

∂tÃij = ψ−4(−(DiDjα)TF + αRTF
ij ) + α(KÃij − 2ÃilÃ

l
j)

+ βk∂kÃij + Ãik∂jβ
k + Ãkj∂iβ

k − 2

3
Ãij∂kβ

k

(2.29)

TF denotes the trace-free part of a tensor, e.g., RTF
ij = Rij − γijR/3. The Ricci tensor is also split

into Rij = R̄ij +Rψ
ij , where R

ψ
ij is given by

Rψ
ij = R̄ij − 2

(
D̄iD̄jlnψ + γ̄ij γ̄

lmD̄lD̄mlnψ
)

+ 4
(
(D̄ilnψ)(D̄jlnψ)− γ̄ij γ̄lm(D̄llnψ)(D̄mlnψ)

) (2.30)

Next R̄ij is expressed in terms of the conformal connection functions Γ̄i ≡ γ̄jkΓ̄ijk = −∂j γ̄ij that gives

R̄ij = −1

2
γ̄lm∂m∂lγ̄ij + γ̄k(i∂j)Γ̄

k + Γ̄kΓ̄(ij)k + γ̄lm
(
2Γ̄kl(iΓ̄j)km + Γ̄kimΓ̄klj

) (2.31)

The Γ̄i are now treated as independent functions that satisfy their own evolution equations,

∂tΓ̄
i =− 2Ãij∂jα + 2α

(
Γ̄ijkÃ

kj − 2

3
γ̄ij∂jK + 6Ãij∂jφ

)
+βj∂jΓ̄

i

− Γ̄j∂jβ
i +

2

3
Γ̄i∂jβ

j +
1

3
γ̄li∂l∂jβ

j + γ̄lj∂j∂lβ
i

(2.32)

For a complete derivation refer [7].
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2.5 Solving the Initial Data Problem

In order to obtain the spacetime that satisfies the Einstein’s equations one has to specify the gravita-

tional fields (γij, Kij) on some initial spatial slice Σ that are compatible with the constraint equations.

Once these fields are specified, they can be used as initial values for a dynamical evolution obtained

by integrating the evolution equations.

There are different approaches for getting the initial data and more details can be found here [7] [8].

One obvious way to obtain initial data that is compatible with constraints is to directly use analytical

solutions to the Einstein equations. In the work presented here we used the ‘trumpet’ data [9] which

was obtained by considering a known spacetime, namely, the Schwarzschild spacetime in (quasi or

spatially) isotropic coordinates

ds2 = −

(
1− M

2r

1 + M
2r

)2

dT 2 +

(
1 +

M

2r

)4 [
dr2 + r2(dθ2 + sin2θdφ2)

]
(2.33)

2.5.1 Schwarzschild Solution

Schwarzschild solution depicts a static spacetime containing a single black hole, the union of two

causally disconnected and asymptotically flat geometries [21] [22]. The Schwarzschild metric in the stan-

dard Schwarzschild coordinates is given by the line element

ds2 = −
(

1− 2M

R

)
dT 2 +

(
1− 2M

R

)−1 (
dR2 +R2dΩ2

)
(2.34)

where M is the mass of the Schwarzschild black hole as measured at spacelike infinity.There are some

interesting and surprising features of the geometry described by this metric:

• R = 2M is known as event horizon. It can be thought of as the boundary that separates the inner

and outer part of the black hole.

• As R approaches 2M, the coefficient of timelike part approaches zero, and the coefficient of

spacelike part approaches infinity.
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• R = 2M is a coordinate singularity that can be removed by coordinate transformation (like the

transformation to isotropic coordinates)

• R = 0 is a physical singularity and cannot be removed by any transformation. Moreover, curva-

ture scalars become infinite as R→ 0.

The isotropic coordinate is related to the standard Schwarzschild coordinate by

r = ψ−2R (2.35)

Where ψ = 1 +
M

2r

The isotropic r does not reach the physical singularity at R = 0. For large r we see that R→∞, but

for small r we see that once again R → ∞. There is a minimum of R = 2M at r = M/2. We now

have two copies of the space outside the event horizon, R > 2M , and the two spaces are connected

by a wormhole with a throat at R = 2M .

We would like to clarify here that the numerical evolution of an analytically known spacetime

does not give any new physical insight. But it serves as an important way to test numerical codes.

Importantly, analytically known solutions often form the basis to construct generalized classes of initial

data for which the time evolution is not known a priori, without numerical study. In this work we did

not work on generating these data and so one can refer them here [9].

One can in principle use the Schwarzschild metric in the isotropic coordinates and identify ‘initial’

variables (ψ,γij ,Kij , α, etc.) and use them as the initial data, also known as the wormhole initial data,

Figure[2.3(a)]. But it is difficult to evolve them numerically in a standard 3D black-hole evolution

code as most codes are not stable when the lapse, which here is

(
1− M

2r

1 + M
2r

)
, is negative, this happens

here for r < M/2 [9]. This motivates the use of ‘trumpet’ data.

2.5.2 Wormholes to ‘trumpets’

When the wormhole initial data is evolved with the “1+log” slicing condition for the lapse and a

“Γ̄-driver” gauge condition for the shift [9], the solution passes through a short phase of “dynamical”
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evolution, but then settles down into a new equilibrium solution. An embedding diagram of this new

equilibrium solution is shown in Figure[2.3(b)] and suggests the name “trumpet” data. The solution

terminates at a non-zero areal radius, and therefore does not encounter the spacetime singularity at the

center of the black hole. The singularity at the isotropic radius r = 0 is a coordinate singularity only.

This new equilibrium is a stationary slice of the “1 + log” slicing condition relative to the standard

timelike Killing vector of the Schwarzschild solution.

(a) Wormhole (b) ‘Trumpet’

Figure 2.3: [a]Embedding diagram of a two-dimensional slice (T = const., θ = π/2) of the extended
Schwarzschild solution. The distance to the rotation axis is R. A wormhole with a throat at R = 2M
connects two asymptotically flat ends. [b] Embedding diagram of a two-dimensional slice (t = const.,
θ = π/2) of the maximal solution. The distance to the rotation axis is R. In contrast to Figure [a]
there is only one asymptotically flat end. The other end is an infinitely long cylinder with radius
R0 = 3M/2. [9]

2.6 Gauge Conditions: the lapse and shift

The Einstein equations do not specify evolution equations for the lapse function α or the shift vector

βi. These are the gauge quantities related to the gauge freedom in Einstein’s theory and can be chosen

at will, at least theoretically. Though the physical properties of a spacetime remain unchanged under

gauge transformations, the performance of numerical evolution schemes depends sensitively on the

gauge choice. For example, it is well-known that the evolution of the Schwarzschild spacetime using

geodesic slicing α = 1 and vanishing shift βi = 0 reach a hypersurface containing the black hole
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singularity after a coordinate time interval t = πM [10]. In such scenarios the singular functions output

non-assigned numbers which rapidly swamp the entire computational domain and crash the evolution

even before it is complete.

One can avoid such problems by using a lapse function that slows the evolution in proper time

near the region of singular points in the spacetime [11]. Such slicing conditions are called singularity

avoiding and have been studied systematically in the form of the Bona-Massó family of slicing condi-

tions [12]. A problem that can arise from the use of singularity avoiding slicing is that the proper time

can progress at different rates in different regions of the numerical domain resulting in a phenomenon

referred to as “grid stretching” or “slice stretching”. This can be nullified with suitable non-zero

choices for the shift vector βi.

We used the Gamma driver shift condition and a variant of the 1+log slicing condition. Therefore,

we outline some of the key points about them in this thesis.

2.6.1 Gamma driver shift condition

The variant of the Γ̄-driver condition [9] that was used is given by

∂tβ
i =

3

4
Bi ,

∂tB
i = ∂tΓ̄

i − ηBi

(2.36)

where Γ̄i ≡ −∂j γ̄ij are the conformal connection functions built from the conformal metric γ̄ij . The

conformal metric has unit determinant, γ̄ = 1. Bi is an auxiliary quantity used to convert the second-

order Γ̄-driver shift condition into a pair of first-order equations, and η is a user prescribed term used

to control dissipation in the simulation. This shift condition is important in the moving-puncture

simulations. In binary black hole simulations such a shift generates motion of the punctures around

the grid on trajectories that mimic the motion that would be seen from infinity. Since we were working

with the Schwarzschild solution, there was no motion of the the puncture.
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2.6.2 ‘1+log’ slicing condition

For foliating the spacetime we used the ‘1+log’ slicing condition which is often employed in dynamical

moving puncture simulations and is given by,

(∂t − βi∂i)α = −2αK (2.37)

this slicing is “covariant” in the sense that it does not depend on the choice of the shift - for a given

slice, and a given initial lapse, the resulting slicing of the spacetime is unique.

2.7 Discretization of the equations

Once one has a snapshot of the physical system at t = 0, the evolution equations, which in this work

are the BSSN equations [2.28]-[2.32], will then evolve the system forward in time. These evolution

equations are a set of nonlinear partial differential equations which relate a number of grid variables

and their time and spatial derivatives. For their numerical implementation one needs to translate these

differential equations into expressions relating arrays of numbers.

The two common methods to discretize these equations are finite differencing and spectral meth-

ods. Spectral methods are particularly efficient and accurate for numerical modelling when the func-

tions do not develop discontinuities. The singularities in the black hole spacetimes can be excised as

originally suggested by Unruh [13] . According to Penrose’s cosmic censorship conjecture, “there are

no naked singularities” i.e., a spacetime singularity should be hidden inside an event horizon and the

spacetime region outside the event horizon is causally disconnected from the dynamics inside. In par-

ticular, excising a finite region around the singularity but within the horizon should leave the exterior

spacetime unaffected.

In this work we used the BAM code 9. It is a fully general relativistic finite difference code that is

capable of simulating multiple black holes before and through merger. It uses a Cartesian grid with

adaptive mesh refinement. Evolutions are performed using the BSSN system with the gamma-driver
9Developed by Bernd Brügmann, Universität Jena; BAM : Bi-functional Adaptive Mesh
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shift and 1 + log-slicing gauge conditions.

2.7.1 Convergence test for the BAM code

The validity of the code was examined by a series of convergence tests. The accurate implementation

of the numerical method is thus tested. The underlying idea relies on the fact that the overall error

of a discretization should behave in a foreseeable manner when the resolution is increased. The basic

assumption for finite difference approximations is the possibility to expand the solution in a Taylor

series around a point. Assume a function f is computed with a finite differencing stencil of order n.

Then for a fixed resolution h and multiple of it the solutions can be written as

fh = fexact + C hn +O(hn+1),

f2h = fexact + C (2h)n +O(hn+1),

f4h = fexact + C (4h)n +O(hn+1)

(2.38)

where the constant C does not depend on h. Taking differences and neglecting higher order error terms

one gets

f4h − f2h =
4n − 2n

2n − 1
(f2h − fh) = 2n(f2h − fh) (2.39)

The prefactor 2n is often called the convergence factor, which can easily be generalized to the case

where the resolutions are not simple multiple of each other.

We used a version of the code that was written with a fourth-order stencil and therefore we expected

a fourth-order convergence.
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Figure 2.4: The error in γ̄xx (i.e.,γ̄xx − 1) after 10M of evolution of the time-independent trumpet
puncture data. The errors for simulations at two resolutions (48 and 64-point) are scaled assuming
fourth-order convergence, and we indeed see that the errors converge to zero at fourth-order.
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The errors are scaled consistent with fourth-order convergence, and we indeed see fourth-order
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convergence up to around x = 80M . Since the outer boundary is at x = 128M , by t = 50M lower-order

errors from the outer boundary will have propagated to around x = 80M at speed of light, and so we do

not expect to see fourth-order convergence beyond this point. After 100M of evolution the boundary

errors would have propagated close to the puncture.

These plots confirm that the ‘trumpet’ data that we used are indeed time independent, within small

numerical errors that converge to zero at the expected rate, i.e., fourth-order convergence. Since the

analytic value of γ̄xx is unity, we can calculate the percentage error from the plots: we see that at

t = 10M the largest error in γ̄ij is 0.001 % and at t=50M this 0.05 %, for the 64-point resolution

simulation. One can also infer that the time-independent ‘trumpet’ data provide an excellent testing

ground for the accuracy of a numerical code [9]. The BAM code uses the moving-puncture approach

which is currently the most popular method for simulating black-hole binaries. There is no analytic

black-hole solution that can be used to test such codes, except for the 1+log and stationary maximal

trumpet solutions that we used in this work. These analytic solutions are important not only for testing

a new code, but also in analysing and reducing the sources of error in existing codes.
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Chapter 3

Apparent Horizons

3.1 Trapped Surfaces

One diagnostic tool that is used during the evolution of the system is the apparent horizon. It can be

thought of as a surface of a black hole at one instant of time. It has several applications in numerical

relativity, in particular to make estimates of the black-hole mass and angular momentum. In this work

we will use the apparent horizon as one measure of the size of the black hole on the numerical grid.

This is important when one wants to gauge the amount of resolution required to resolve the black hole,

because using arbitrarily fine resolution may make the computation slow and very expensive.

The event horizon on the contrary is a concept that depends on the entire spacetime. It is defined

as the boundary between points in the spacetime from which null geodesics can escape to infinity

and points from which they cannot. In the context of numerical simulations, this implies that an

event horizon can only be computed if information about the entire spacetime is stored which is not

feasible even by modern standards 1. Understanding the dynamics of the apparent horizon based on

the modification to the Γ̄-driver shift condition is the main focus in this thesis.

Definitions that are valid within only one time-slice are here called quasi-local. The quasi-local

description of a region from which even light can not escape is based on trapped surfaces that in turn

are defined by their expansions (divergences).
1Though event horizon finders have been developed in [14] [15]
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Consider a null geodesic congruence. In an open subset O of a manifold a congruence is a family

of curves such that through each point in O there passes precisely one curve in this family. The

tangents ka to these curves describe a vector field on O. The tensor field Bab = ∇akb describes how

neighbouring tangents behave. The expansion measures the average ‘spread’ of infinitesimally nearby

geodesics. It is defined as

Θ = mab∇akb (3.1)

wheremab is the 2-dimensional metric induced by γab on the geodesic congruence and is given by

mab = γab − sasb = gab + nanb − sasb (3.2)

Figure 3.1: A smooth, 2D, hypersurface S is embedded in Σ . The unit, outward-pointing normal to S
lying in Σ is sa , and the normal to Σ is na . The outgoing and ingoing null tangent vectors ka and la
are constructed as linear combinations of na and sa [7].

An outer trapped surface is defined as a 2D surface S embedded in Σ on which the expansion Θ

of the outgoing null geodesics orthogonal to S is negative everywhere. A trapped region is defined as

the region of Σ that contains outer trapped surfaces. The apparent horizon is the outer boundary of

any connected trapped region. This makes the apparent horizon a marginally outer trapped surface

(MOTS) on which the expansion of outgoing null geodesics vanishes, i.e.,

Θ = ∇ak
a = 0 (3.3)

These definitions are still in the 4D manifold and can be broken down to the objects of the 3+1 split,

that are the metric γij and the extrinsic curvature Kij . The condition Θ = 0 for every outward unit
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normal si on a marginally outer trapped surface is

√
2 Θ = mij (Disj −Kij) = 0

√
2 Θ = Dis

i −K +Kijs
isj = 0

(3.4)

In the search for apparent horizons it is useful to characterize the horizon as a level surface of a

scalar function, i.e.,

τ(xi) = 0 (3.5)

and therefore, the unit normal si can be written as si = λDiτ , or si = λDiτ = λ∂iτ , where λ is a

normalization factor given by λ =
(
γijDiτDjτ

)−1/2. Using the new form of si in Eq.[3.4] and using

the result Diτ = 0 we get,

mij (Disj −Kij) = mij (λDiDjτ −Kij) = mij
(
λ∂i∂jτ − skΓkij −Kij

)
= 0 (3.6)

A useful form of the level function τ in spherical polar coordinates is

τ(xi) = r − h(θ, φ) = 0 (3.7)

so that the given function h(θ, φ) measures the coordinate distance from the center (corresponding to

r = 0) of the black hole to the τ(xi) = 0 surface in the (θ, φ) direction. Now the apparent horizon

condition[3.6] reduces to

√
2 Θ = mij

(
λ∂i∂jh− skΓkij −Kij

)
= 0 (3.8)

The apparent horizon condition[3.7] is a second-order partial differential equation for the function

h that measures the horizon’s coordinate distance from the origin (centre of the black hole). The first

term of the equation,mij∂i∂jh, involves a Laplacian with respect to the 2D metricmij on the surface

S. Finding solutions to these elliptic equations, and hence locating apparent horizons, is in general a
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difficult task because the normal vector si also contains derivatives of h.

Apparent horizons are used during a simulation as an approximation of the location of the event

horizon, and is thus especially useful for simulations that excise the black hole region including the

singularity or as in our case for gauging the size of the black hole on the numerical grid. The location

of the apparent and the event horizon coincides for stationary spacetimes (and suitable spatial hyper-

surfaces) but because of the slicing dependence the apparent horizon is not a good indicator for cosmic

censorship [16].

3.2 Apparent Horizon Finder

Over the years several finders for apparent horizons were studied. They vary both in the description

of the surface and in the choice of the actual solving procedure of the differential equation. Detailed

survey can be found in Thornburg’s Living Review [17].

The elliptic partial differential equation[3.8] can be tackled by a variety of methods. The most

prominent distinction is that of a local and a global algorithm. Most apparent horizon finders are

local, meaning they need a good initial guess to find the horizon. On the other hand these methods

are often faster. An algorithm is called ‘global’ if it can also handle initial guesses not close to the

solution. Flow algorithms are known to have this feature. BAM uses an apparent horizon finder (AHF)

module that is based on the flow algorithm.

Flow methods stand out for their robustness against bad initial guesses. They define a gradual

change of the initial surface proportional to the local expansion. Near to the apparent horizon with

expansion Θ = 0 the speed will also tend to zero. Special choices of the flow functions must be

applied. One major improvement was introduced by Gundlach’s [18] ‘fast-flow’ algorithm. He iterates

each mode of the surface with different speed, thus high frequency modes do not slow down down the

evolution. His method is based on the spectral code that Nakamura et. al. developed in 1984 [19].
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3.2.1 The BAM Apparent Horizon Finder

The BAM apparent horizon finder (AHF) uses the fast flow method. AHF was coded by José Antonio

González based on a previous routine that was implemented by Miguel Alcubierre in Fortran. The

basic versionwas thoroughly tested with several orders of their spectral expansion and various numbers

of points on the grid in [20].

Several missing features were established that were needed for this study. First not only the out-

ermost trapped surface can be found but also the inner ones. Secondly the location for each surface

is saved and used as the initial guess of the next search. Additionally the time periods throughout

the evolution at which a specific surface is searched for can be given as input. Specifying the search

window prevents the apparent horizon finder from costly searches for the common horizon long before

merger; the disadvantage being that the time of merger should be roughly known beforehand.

The accuracy of the horizon finder can be selected in several ways. One aspect is the maximal

degree LMAX of the spherical harmonics that represent the surface. Its value was mostly kept at

LMAX= 10, but could have been set to a lower value as we were working with the Schwarzschild

black hole. Being spherically symmetric, only the monopole term (l=0) is non-zero. During the run

the expansion is calculated at specific positions given by a regular angular grid, the grid size we used

was nθ × nφ = 100 × 200. This choice comes from the logic that the spectral expansion of order

LMAX has angular distributions up to cos(LMAXπ). Four points per cycle are needed at least, a better

resolution can use eight or ten points. Thus 10 × LMAX points in φ-direction should be an adequate

number.

One other parameter is the stopping criteria of the flow. For each surface the mass is calculated

from its area as mass =
√
area/(16 π). When the change of the mass between steps drops below a

certain tolerance, the flow has converged. This tolerance was kept at ∼ 10−5.
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3.3 Modified BAM Code

For this thesis we modified the BAM code such that a new component is added to the existing Γ̄-

driver shift that allows us to move the horizon to a desired location. Since the Γ̄-driver shift is a gauge

condition i.e., we are free to choose the shift (βi) as we please, the physics does not change. But when

one wants to implement the gauge freedom for numerical simulations it has been seen that some shift

conditions handle numerical errors more robustly than others. The Γ̄-driver shift is one class of shift

conditions that has been tested and is the workhorse for the ‘moving-puncture’ simulations used in this

thesis.

3.3.1 Horizon adjusting shift

There were two important aspects to consider while modifying the Γ̄-driver condition:

• Firstly, it should maintain the global properties of the Γ̄-driver condition, and

• secondly, allow us to move the apparent horizon to a desired, given location.

as such we write the shift as the sum of two components,

βi = βiGD + βiH , (3.9)

where βiGD denotes a “Γ̄-driver” component, and βiH a “horizon component” that will be responsible

for moving the horizon to a desired location.

We choose the Γ̄-driver shift βiGD to satisfy the set of equations

∂tβ
i
GD =

3

4
Bi ,

∂tB
i = ∂tΓ̄

i
GD − ηBi

(3.10)

where ∂tΓ̄iGD is computed like ∂tΓ̄i, but using the Γ̄-driver component of the shift, βiGD alone. To

motivate this choice, we note that the Γ̄-driver shift condition allows evolutions of black holes to settle

down into stationary trumpet solutions [9]. For these stationary solutions all time-derivatives vanish,
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in particular we have ∂tΓ̄i = 0, which implies from Eq[2.32]

−2Ãij∂jα + 2α

(
Γ̄ijkÃ

kj − 2

3
γ̄ij∂jK + 6Ãij∂jlnψ

)
+ βj∂jΓ̄

i

− Γ̄j∂jβ
i +

2

3
Γ̄i∂jβ

j +
1

3
γ̄li∂l∂jβ

j + γ̄lj∂j∂lβ
i = 0

(3.11)

Now if we had chosen to evaluate ∂tΓ̄i in Eq[3.10] using the complete shift βi, the evolution would then

settle down to a stationary solution for the shift βi satisfying Eq.[3.11], no matter how we decompose

the shift in Eq.[3.9]. By evaluating ∂tΓ̄i from the Γ̄-driver component βiGD alone, on the other hand, it

is only this component that is driven into a stationary state, and we can still add a horizon shift βiH . In

the evolution equations themselves, we still evaluate all right-hand sides using the complete shift βi.

Constructing βiH:

The desired horizon location is described as a level-surface as in Eq.[3.7]. The function h(θ, φ) mea-

sures the coordinate distance from the center (corresponding to r = 0) of the black hole. On the actual

apparent horizon, given by hAH , we have Θ(hAH) = 0, but, as long as the horizon is not yet at its

desired location h, we have Θ(h) 6= 0. At least in spherical symmetry, Θ is positive if the coordinate

location h is outside of the apparent horizon, i.e. h > hAH . In this case we want the shift to be pointing

towards the center, so that coordinate observers move inwards. This means that the coordinate label

of the horizon will increase. Exactly the opposite is true if h is inside the apparent horizon, at least for

sufficiently small distances inside the horizon or for black holes with a sufficiently simple structure.

These considerations suggest the choice,

βiH = f(r) A (hAH − h) si (3.12)

where f(r) =

(
r

1 + r2

)
is a function that ensures βiH = 0 both at the center and at infinity, and A is

an overall scale factor in the function f(r) that shows how “strong” this function is, and how “fast” it

makes the horizon move. The “width” of this function determines the size of the area in which grid

points are moved. Other choices for f(r) are also possible. Once the coordinates have been moved
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around so that the apparent horizon is located at h, we have Θ(h) = 0, and also βiH = 0.

3.4 Results and Discussion

Here we show some results from evolving the maximally-sliced trumpet data after implementing the

horizon-shifting Γ̄-driver condition as discussed above. The AHFmodule now takes in the user defined

quantities bssn_ rah0, which is the desired location of the horizon and bssn_ rahA that defines the

amplitude A in Eq.[3.12].

• bssn_ rah0 = 0.89; bssn_ rahA = 0 : This case should give us results when βiH = 0 i.e. the standard

evolution, without any “horizon-stretching”.
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(a) The horizon at r = 0.83M given by AHF
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Figure 3.2: Evolution for βiH = 0
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• bssn_ rah0 = 0.89; bssn_ rahA = 0.5 : In this case the horizon is “stretched” so that the

coordinate size of the Schwarzschild black hole is increased to 0.89M

(a) The ‘solid’ horizon at r = 0.83M is from βi
H = 0 and the ‘wireframe’ horizon at r = 0.89M is the

“stretched” horizon

(b) Horizon w.r.t time

Figure 3.3: Evolution for h = 0.89M
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• bssn_ rah0 = 0.6; bssn_ rahA = 0.5 : In this case the horizon is “shrunk” so that the coordinate

size of the Schwarzschild black hole is decreased ≈ 0.6M

(a) The ‘wireframe’ horizon at r = 0.83M is from βi
H = 0 and the ‘solid’ horizon at r ∼ 0.6M is the

“shrunk” horizon
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(b) Horizon w.r.t time

Figure 3.4: Evolution for h = 0.6M
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The surface of the apparent horizon is outputted by the AHF module in the form of Unstruc-

turedGridCells. We used ‘ParaView’-viewer to visualize the surface and also make animation of the

horizon shift. As can be seen from the plots of r(t) Vs. t[M ], our approach does ‘shift’ the horizon to

the desired location. Initially when the horizon is far from the desired location, the rate at which the

horizon-shift occurs is large as compared to when it has reached close to the desired location. This

is seen in both the cases where the horizon is moved. This feature is crucial for stable evolutions for

longer times. But again in simulations running for longer times it has been seen that the errors from

the boundary propagate into the inner grids and this may make the horizon-shifting unstable.

In order to verify that we did not introduce any errors in the evolution we perform the conver-

gence test for the modified BAM code. The code should still be fourth-order convergent at least upto

x =100M as discussed earlier in section[2.7.1]. For this convergence test we used the Hamiltonian

constraint only in the x-direction due to the symmetry.
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(a) full range of x
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Figure 3.5: The Hamiltonian constraint in the x-direction after 20M of evolution of the time-
independent trumpet puncture data using the horizon adjusting shift. The Hamiltonian constraint at
two resolutions (48 and 64-point) are scaled assuming fourth-order convergence, and we do see that
the errors converge to zero at fourth-order. Near the puncture we don’t expect to see convergence as
this region requires much higher resolution than we used in this thesis.

Another verification would be to see if we were actually solving the Einstein’s equation for the
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vacuum spacetime. To see this we plot the norm of the Hamiltonian over the evolution. In vacuum

spacetime the norm of the Hamiltonian should go to zero as we increase the resolution and this can be

seen from Figure[3.6].
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Figure 3.6: The thick solid line at the top and the dashed line originating from it are from the 48-point
run for βiH = 0 and h = 0.6M cases respectively. Similarly, the lines at the bottom are from the
64-point run.

For the horizon-“stretching” case, Fig.[3.3], we see that the Hamiltonian constraint is not satisfied.

In Fig.[3.7] we see that as we increase the resolution the Hamiltonian norm for the higher resolution

(64-point grid) is more than the one for the lower resolution (48-point grid). This shows that there is

no convergence as we increase the resolution. If there was convergence we would have seen that on

increasing the resolution the Hamiltonian norm would have gone to zero and would have been exactly

zero (since vacuum spacetime) for infinite resolution. This suggests that there is some bug in the

code that introduces some error which propagates over the evolution and makes the horizon-“shifting”

unstable. Fig.[3.8] shows the Hamiltonian norm for t=4M evolution and clearly we see that the errors

have accumulated around 2M of the evolution and we don’t see any convergence after that. Errors

Gauge Dynamics In Numerical Relativity



39

are propagated faster with higher resolution than the lower one and this is seen in Fig.[3.8] where the

64-point resolution evolution is contaminated earlier than the 48-point resolution run.

For the case of horizon “shrinking” we showed in Fig.[3.6] that the code was still convergent but

that may have been due to shorter time for evolution. For longer evolutions it would turn out that

the code looses convergence. The results indicate that the method works in principle, but since the

constraints do not converge to zero, there must be some small inconsistency on the implementation of

the horizon-shifting method, that introduces non-physical errors that spoil the simulation after ∼20M

of evolution.

We were successful in showing that our idea of rescaling the coordinate size of the black holes

worked, at least for the shorter evolutions that we performed. We believe that this will work even

for loner evolutions as intended If the inconsistency in implementation can be identified. We showed

through convergence argument that the evolutions are becoming unstable due to errors propagating in

the data due to possible errors that we may have introduced in the BAM code while modifying it or

otherwise.
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Figure 3.7: The norm of the Hamiltonian from the horizon-“stretching” case.
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Figure 3.8: Zoomed-in version for Fig.[3.7]
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Chapter 4

Conclusion and Future Direction

We began by briefly reviewing GR and gravitational waves which give the motivation to do Numerical

Relativity (NR). We reviewed the derivation for 3+1 decomposition of the Einstein’s equations thereby

introducing concepts important in NR. We then laid out the BSSN-formalism which is the workhorse

for the “moving-puncture” approach for numerically solving the Einstein’s equations. Having reviewed

the necessary casting of the field equations in 3+1 form, we present some aspects of solving the initial

data problem, the gauge conditions used and a note on discretizing the field equation’s and thereby

relating all this to our work in this thesis.

A convergence test is an invaluable tool in validating the accuracy of a code. It can report sources

of error introduced in the code i.e., if the errors come from inconsistent implementation in the code or

due to discretization of the quantities. If the errors were due to discretization then on increasing the

resolution these errors would go to zero and become zero for infinite resolution. On the other hand

this would not be the case if the errors were introduced from inconsistent implementation in the code.

In this thesis we verified the convergence results for the BAM code which solves the BSSN form of the

Einstein’s equations in 3D Cartesian coordinates. It is a fully general relativistic finite-difference code

that is capable of simulating multiple black holes before and through merger. From the convergence

test we were also able to verify that the ‘trumpet’ initial data that were used in this work are indeed

time-independent.

We discussed the concept of apparent horizons and their importance as a diagnostic tool in numer-
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ical evolutions of the Einstein’s equations. We also reviewed the derivation of the equation governing

the location of apparent horizon and how they are solved numerically, mainly focusing on the ‘flow’-

algorithm that the BAM code uses to locate the horizon. We presented our ansatz of “shifting” the

horizon and its implementation in the BAM code. We showed promising results from our implementa-

tion of the horizon-“shifting” ansatz. We showed that the coordinate size of a black hole can be shifted

to a given desired location. From convergence tests we identified the possible existence of an error in

the code that contaminated long term evolution and made the horizon-shifting unstable. To fix this we

would require a detailed check of all aspects of the modification of the BSSN evolution code to identify

and remove the error, and to then show that long term stable evolution with horizon-“shifting” shift

vector is possible. It’ll be a humongous task fixing the code and will require some time. Nonetheless,

our initial results indicate that this is a promising approach to dynamically control the horizon size

(and therefore resolution requirements) of moving-puncture codes.

For future work a detailed study of implementing the horizon-“shifting” ansatz to black hole bina-

ries and the degree to which it relaxes the resolution requirements can be carried out.
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