
Conformal group and Conformal algebra

A PROJECT REPORT

Submitted By - Swami Vivekanandji Chaurasia
Supervised By - Prof. Arvind Kumar

Session Aug’14 - Nov’14 (VIIth-Semester)

CENTRE for EXCELLENCE IN BASIC SCIENCES
Department of Atomic Energy

University of Mumbai, Kalina campus, Santacruz east
Mumbai - 400098, India



Abstract

In this project we start with, some basic definitions in group theory, particularly Lie groups.
We then consider the rotational group and the Lorentz group briefly. We then work out the
Poincaré algebra and the conformal algebra in some detail. The main theme of this project is to
understand, how symmetries like Lorentz and conformal invariance appear in quantum setting.
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Introduction

The main theme of this project is to understand, how symmetries like Lorentz and conformal
invariance appear in quantum setting? That is, we wish to see how states (and operators)
in the Hilbert space of a quantum system transform when we make a Lorentz (or conformal)
transformation in coordinate space and what is the meaning of a symmetry transform?

What is a symmetry transformation? Consider an observer O who finds the state of a system
to be |ψ > and another observer O′ who finds the same state to be, |ψ′ >. Further, consider an
orthonormal set state |ψn > w.r.t O, which are |ψ′n > w.r.t O′ then the transformation from
|ψ > to |ψ′ > is a symmetry transformation if

| < ψn|ψ > |2 = | < ψ′n|ψ′ > |2

Clearly, the condition is satisfied if |ψ′ > = U|ψ > where U is a unitary operator.∗

For symmetry transformations that can be parametrized by continuous parameters and in-
finitesimally close to identity can be written schematically as

U = 1 + ιεt (ε is parameter of the transformation)

Since U is unitary, t is Hermitian. In quantum mechanics hermitian operators are associated
with observables. In general, the observables of physics like angular momentum or momentum
arise from symmetry transformations. As we will see symmetry transformations of our interest
form a group.

Some basic Definitions

Here we quote some definitions and results as in [1]. We also introduce the idea of Lie groups
and Lie algebra. There is no attempt at mathematical rigour. This section is only to set the
background for the main work of the later sections.

Group: A set G of elements a, b, c, . . . is a group if the following four axioms are satis-
fied:

1. For every a, b ∈ {G} , ∃ c ∈ {G}. This operation is indicated as

c = a ◦ b

and is called the composition law or the multiplication law of the group.

2. The multiplication is associative, i.e. for any three elements a, b, c ∈ G:

(a ◦ b) ◦ c = a ◦ (b ◦ c)

3. The set contains an element e called identity, such that, for each element a ∈ G,

e ◦ a = a ◦ e = a

∗Actually, a fundamental theorem proved by Wigner says that the operator U is either linear and unitary or
anti-linear and anti-unitary. We shall however consider unitary operators only.
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4. For all a ∈ G, ∃ a′ ∈ G such that

a ◦ a′ = a′ ◦ a = e

The element a′ is called the inverse of a and is denoted by a−1. For example, the set of
integers form a group where the operation a ◦ b means ordinary addition. The number 0
is the identity and the inverse of a is -a.

Abelian group: If the composition or the multiplication rule is commutative i.e. a ◦ b = b ◦ a
for all a,b ∈ G then the group is called Abelian group. In general the groups may not be
Abelian or commutative. The example above is an Abelian group. Rotation group in three
dimensions is a non-Abelian group.

Order of the group: The order of the group is defined as the total no. of elements in
the group. It can be finite or infinite, countable or non-countable infinite. Some examples

1. Finite order: Symmetric group, the set of n-permutations. This is a non-commutative
group and has n! elements.

2. Non-countable infinite order: The rotation group is an example. In general all continuous
groups are of non-countable infinite order.

Subgroup: A subset H of the group G, of elements a′ , b′, ... , that is itself a group with
the same multiplication law of G, is said to be a subgroup of G. A necessary and sufficient
condition for H to be a subgroup of G is that, for any two elements a′ ,b′ ∈ H, also a′ ◦ b′−1 ∈
H. Every group has two trivial subgroups: the group consisting of the identity element alone,
and the group itself. A non-trivial subgroup is called a proper subgroup.

Invariant subgroup: Let H be a subgroup of the group G. If for each element h of H,
and g of G, the element g ◦ h ◦ g−1 belongs to H, the subgroup H is said to be invariant.

Simple: A group G is said to be simple if it does not contain any invariant subgroups.

Semi-simple: A group G is said to be semi-simple if it does not contain any invariant
Abelian subgroups.

Homomorphism: A mapping of a group G onto the group G′ is said to be homomorphic
if it preserves the composition law. Each element g of G is mapped onto an element g′ of G′ ,
which is the image of g, and the product g1◦g2 of two elements of G is mapped onto the product
g′1◦g′2 in G′ . In general, the mapping is not one-to-one, several elements of G are mapped onto
the same element of G′ , but an equal number of elements of G are mapped onto each element
of G′ . In particular, the unit element e′ of G′ corresponds to the set of elements e1, e2, . . . of
G (only one of these elements coincides with the unit element of G), which is denoted by E.
The subgroup E is an invariant subgroup of G and it is called kernel of the homomorphism.

Isomorphism: If the above map is one-to-one then it is said to be Isomorphic.

Direct product: A group G with two subgroups H1 and H2 is said to be a direct prod-
uct of H1 and H2 if:

1. H1 ∩H2 = E
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2. for all h1 ∈ H1 and h2 ∈ H2, [h1, h2] = 0

3. each element g of G is expressible in one and only one way as g = h1 ◦ h2 in terms of the
elements h1 of H1 and h2 of H2.

The direct product is denoted by G = H1 ⊗H2.

Semi-direct product: A group G with two subgroups H1 and H2 is said to be semi-direct
product of H1 and H2 if:

1. H1 is an invariant subgroup of G

2. H1 ∩H2 = E

3. each element g of G is expressible in one and only one way as g = h1 ◦ h2 in terms of the
elements h1 of H1 and h2 of H2.

The semi-direct product is denoted by G = H1 s© H2.

Representation of a group: Let Ln be a n-dimensional complex vector space. If T : Ln → Ln,
i.e;

x′ = T x for x′, x ∈ Ln

T is a linear operator, i.e;
T (αx+ βy) = αTx+ βTy

If the mapping is one-to-one, then the inverse exists.

If for each element g of G there is a corresponding linear operator T (g) in Ln , such that
T (g1 ◦ g2) = T (g1)T (g2). We say that the set of operators T (g) forms a linear (n-dimensional)
representation of the group G. The set of operators T (g) is a group G′ and in general G is
homomorphic to G′ . If the mapping of is one-to-one, then G is isomorphic to G′.

Matrix representation: If one fixes a basis in Ln , then the linear transformation per-
formed by the operator T is represented by a n× n matrix, which is denoted by D(g). The set
of matrices D(g) for all g ∈ G is called n-dimensional matrix representation of the group G.
Defining an orthonormal basis e1, e2, . . . , en in Ln , the elements of D(g) are given by

T (g)ek =
∑
i

Dik(g)ei

and the transformation of a vector x becomes:

x′i = Dik(g)xk

The set of vectors e1, e2, . . . , en is called the basis of the representation D(g).

Faithful representation: If the mapping of the group G onto the group of matrices D(g) is
one-to-one, the representation D(g) is said to be faithful. Different elements of G correspond
to different matrices D(g) and the mapping is isomorphic.

Equivalent representations: If we change the basis of the vector space Ln , the matrices
D(g) of a representation are transformed by a non-singular matrix S
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D′(g) = SD(g)S−1

The representations D(g) and D′(g) are said to be equivalent and is called a similarity trans-
form. The two representations are regarded as essentially the same.

Reducible and Irreducible representations: If the representation of operators T (g) of
G in Ln leaves a non-trivial subspace Lm of Ln invariant then the representation is called
reducible representation. If such a non-trivial invariant subspace does not exist then the rep-
resentation T (g) is called as irreducible. For reducible representations, it is possible to choose
a basis in Ln such that all the matrices corresponding to T (g) can be written in the form

D(g) =

 D1(g) | D12(g)
−−−−− | − −−−−

0 | D2(g)


If Ln−m is also invariant then D(g) can be written in the form by a similarity transform

D(g) =

 D1(g) | 0
−−−−− | − −−−−

0 | D2(g)


and then the representation is completely reducible. Hence, the representation can be written
as a direct sum of the two representations.

D(g) = D1(g)⊕D2(g)

Schur’s lemma: It provides a test of irreducibility (for non-Abelian groups) and is stated as

If D(g) is an irreducible representation of the group G, and if

AD(g) = D(g)A

for all the elements g of G, then A is multiple of the unit matrix.

Unitary representation A representation of the group G is said to be unitary if the ma-
trices D(g), for all the elements g of G, are unitary, i.e.

D(g)D(g)† = D(g)†D(g) = I

where D(g)† is the adjoint (or the conjugate transposed) or Hermitian conjugate of D(g).

We next introduce Lie groups and Lie algebra. A proper mathematical treatment of this
topic is beyond our scope. We will only touch upon some ideas commonly used in physics.

In physics the continuous groups called Lie groups are of great importance. These are groups
of transformations T (θ) with finite set of real continuous parameters, θa. Each element of the
group is connected to the identity by a path within the group. The group multiplication law is
given as

T (θ̄)T (θ) = T (f(θ̄, θ))

where f(θ̄, θ) is a function of the finite set of real parameters. For θa = 0 corresponding to the
coordinates of the identity we have

fa(θ, 0) = fa(0, θ) = θa
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Such transformations are represented on the physical Hilbert space by unitary operators U(T (θ)).
For Lie groups these can be represented in the neighbourhood of identity as

U(T (θ)) = 1 + ιθata +
1

2
θbθctbc + . . .

where ta,tbc = tcb(since, θbθc is symmetric in b and c) are operators independent of θ′s and ta
are Hermitian. The multiplication law(as stated previously) is

U(T (θ̄))U(T (θ)) = U(T (f(θ̄, θ)))

Now we can expand fa(θ̄, θ) as

fa(θ̄, θ) = θa + θ̄a + fabcθ̄
bθc + gabcθ̄

bθ̄c + habcθ
bθc + . . .

But with constraint equation fa(θ, 0) = fa(0, θ) = θa,

gabc = 0 = habc

Therefore,
fa(θ̄, θ) = θa + θ̄a + fabcθ̄

bθc + . . .

Now expanding the multiplication law on both sides as[
1 + ιθ̄ata +

1

2
θ̄bθ̄ctbc + . . .

]
×
[
1 + ιθata +

1

2
θbθctbc + . . .

]
= 1 + ι

(
θa + θ̄a + ta + fabcθ̄

bθc
)
ta +

1

2

(
θb + θ̄b + . . .

) (
θc + θ̄c + . . .

)
tbc + . . .

and collecting the coefficients, we get

* θ̄a : ιta − ιta = 0

* θ̄bθ̄c :
1

2
tbc −

1

2
tbc = 0

* θa : ιta − ιta = 0

* θ̄αθβ : ι2tαtβ = ιfaαβta +
1

2
tαβ +

1

2
tαβ

≡ −tαtβ = ιfaαβta + tαβ

Since, tαβ = tβα we can write

tαβ − tβα = 0

≡ −tαtβ − ιfaαβta + tβtα + ιfaβαta = 0

=⇒ [tα, tβ] = ιCa
αβta

Where Ca
αβ = −faαβ + faβα

The set of real constants Ca
αβ are known as structure constants. The operators tα, tβ called the

generators of the group form a Lie algebra under the operation of commutation. Lie algebra
L may be regarded as (finite-dimensional) vector space equipped with a multiplication law
denoted by

[X, Y ] : L × L → L
with the condition
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1. [X, Y ] = − [Y,X]

2. [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0
for all X, Y, Z ∈ L

Finally, we quote some important results about unitary representations of a Lie group.

1. If G is a compact Lie group then every representation of G is equivalent to a unitary
representation

2. If G is a compact Lie group then every reducible representation of G is completely re-
ducible

3. If G is a non-compact Lie group then it possesses no finite-dimensional unitary represen-
tation other than the trivial representation in which D(g) = 1 for all g ∈ G.

Rotation group

Rotational transformations

The rotational transformations preserve the length of a vector

x̃i = Ri
j x

j

x̃2 = x2 (invariance condition)

=⇒ Ri
j R

k
i = δkj

Where Ri
j are the elements of the rotational matrix. In the matrix form RRT = I i.e; R is

an orthogonal matrix. The set of orthogonal 3 × 3 matrices form the orthogonal group O(3).
Taking determinant of the orthogonal condition gives

detR = ±1

The condition detR = +1 defines the special orthogonal group, SO(3). These transformations
do not include space inversions and are identified as pure rotations. R is a real orthogonal
matrix and has three independent parameters. Hence this is three dimension group. The group
O(3) is neither simple nor semi-simple, whereas, SO(3) is simple. Also, since the domain of
SO(3) is compact, it is a compact group. SO(3) is connected as any two points in the parameter
space can be connected by a continuous path(to be precise it is doubly connected). Since the
group SO(3) is not simply connected, we have to consider its universal covering group, which
is the special unitary group SU(2). The elements of the group SU(2) are the complex 2 × 2
unitary matrices with determinant equal to one.

Rotational algebra

The Lie algebra of the rotation group can be realised by considering the infinitesimal transfor-
mations of SO(3) and SU(2) in a neighbourhood of the unit element. There is a one-to-one
correspondence between the infinitesimal transformations of SO(3) and SU(2), so that the
two groups are locally isomorphic. Therefore, the groups SO(3) and SU(2) have the same Lie
algebra. The Lie algebra of the SO(3) group is given by[

J i, J j
]

= ιεijkJ
k
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where J’s are the generators of the SO(3) group. εijk is the Levi-Civita symbol defined as

εijk = +1 (ijk − cyclic)
= −1 (ijk − acyclic)

= 0 (otherwise)

Lorentz group

Lorentz transformations

This is an extension of the SO(3) group but which includes a group of transformations in-
volving time. These transformations are those of boosts that bring one observer from one
inertial frame to another related by Lorentz transformation of special relativity. Like in SO(3),
where the transformations preserve the magnitude of a 3-dim vector(distance), the Lorentz
transformations preserve the spacetime interval

ηµνdx̃
µ dx̃ν = ηρσdx

ρ dxσ (1)

Where ηµν = diag(−1, 1, 1, 1).The Lorentz transformations are given as

dx̃µ = Λµ
ρdx

ρ (2)

Using equation 2 in 1 we get
ηρσ = Λµ

ρ ηµν Λν
σ (3)

The relation is really a statement that the metric tensor is invariant under Lorentz transfor-
mations from one inertial frame to another. Equation 3 can be written in matrix form as

η = ΛT η Λ

Lorentz algebra

Taking the determinant of equation 3 and also considering ρ = 0 = σ we get

det(Λ) = ±1 (4)

Λ00 ≥ 1 or Λ00 ≤ 1 (5)

These conditions divide the Lorentz group into four subsets. Out of all the four subsets only
the one with det(Λ) = +1 (proper) and Λ00 ≥ 1 (orthochronous) forms a subgroup because
only it contains the identity element, I. Proper Lorentz transformations include rotations and
boosts but not space inversions and orthochronous relates to non-reversing of the time flow.
This subgroup is called the proper orthchronous Lorentz group or the restricted Lorentz group
and is denoted by SO+

↑ (1,3). Lorentz group describes the set of continuous transformation of
boosts and rotations, and is a Lie group. Its infinitesimal transformation can be represented as

D = I +
1

2
εµνM

µν (6)

where Mµν generators are defined as the anti-symmetric differential operator, Mµν = xµ∂ν −
xν∂µ and the antisymmetric εµν contain the six independent parameters(three for rotations and
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three for boosts) for the transformation. These generators follow the following commutation
relations

ι[Mµν ,Mρσ] = ηνρMµσ − ηµρMνσ − ησµMρν + ησνMρµ (7)

We shall prove these when we go to the more general case of Poincaré algebra. We can identify
the rotation and the boost operations in terms of the generators respectively as

Li = −1

2
εijkMjk (8)

Ki = M0i (9)

In terms of these notations the commutation relations read as

[Li, Lj] = ιεijkLk (10)

[Ki, Lj] = ιεijkKk (11)

[Ki, Kj] = −εijkLk (12)

There is an alternative way of expressing the generators of the Lorentz group. Consider

J±i =
1

2
(Li ± ιKi) (13)

The commutation relations between these are calculated using commutators 10-12[
J+
i , J

−
j

]
=

1

4
([Li, Lj]− ι [Li, Kj] + ι [Ki, Lj]− [Ki, Kj])

=
1

4
(ιεijkLk − εijkKk − εijkKk − ιεijkLk)

=⇒
[
J+
i , J

−
j

]
= 0 (14)[

J±i , J
±
j

]
=

1

4
([Li, Lj]± ι [Li, Kj]± ι [Ki, Lj]− [Ki, Kj])

=
1

4
(ιεijkLk ± εijkKk ∓ εijkKk + ιεijkLk)

=
1

4
(2ιεijkLk ∓ 2ιεijkKk

=
1

2
ι2ιεijk(Lk ±Kk)

=⇒
[
J±i , J

±
j

]
=

1

2
ιεijkJ

±
k (15)

Equation 14 tells that the two groups ( generated by J+ and J−) do not overlap as their
commutators vanish. Also, each of these forms a group homomorphic to SO(3), which is
apparent from the commutation relation 15. SO(3) is doubly covered by the group SU(2) and
so by considering only half of the elements as SU(2)/Z2, this group can be considered to be
isomorphic to SO(3). Hence,

SO+
↑ (1, 3) ' [SU(2)⊗ SU(2)] /Z2 (16)

where each of the SU(2) groups corresponds to one of the J+ and J− generated group elements.
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Poincaré group

Ponicaré transformation

x̃µ = Λµ
ρx

ρ + aµ (17)

In relation 17, the first term corresponds to homogeneous Lorentz transformation and the
second part is the spacetime translations. Hence, Poincaré transformations are also called
inhomogeneous Lorentz transformations.

Consecutive Poincaré transformations

xµ → x̃µ → ˜̃xµ

Writing the transformations explicitly

˜̃xµ = Λ̄µ
βx̃

β + āµ

and using equation 17 for x̃β we get

˜̃xµ = (Λ̄µ
βΛβ

α)xα + (Λ̄µ
βa

β + āµ) (18)

Using equation 1 we can see that this is also a Poincaré transformation. Corresponding to
Poincaré transformations on coordinate space, the unitary transformations on vectors in Hilbert
space satisfy the following composition rule

U(Λ̄, ā)U(Λ, a) = U(Λ̄Λ, Λ̄a+ ā) (19)

Poincaré algebra

Considering the transformation to be infinitesimal we can expand matrix Λ about Identity and
write

Λµ
ν = δµν + ωµν and aµ = εµ (20)

Using equation 20 in equation 3 we have;

ηρσ = ηµν(δ
µ
ρ + ωµρ)(δ

ν
σ + ωνσ)

= (ηρν + ηµνω
µ
ρ)(δ

ν
σ + ωνσ)

ηρσ = ηρσ + ωρσ + ωσρ +O[ω2]

=⇒ ωρσ = −ωσρ (anti− symmetric) (21)

We consider infinitesimal Lorentz transformation in the Hilbert space:

U(1 + ω, ε) = I +
1

2
ιωρσM

ρσ − ιερP ρ (22)

For U to be unitary we need U †U = I. Using expansion 22 in the unitarity relation we get

(I +
1

2
ιωρσM

ρσ − ιερP ρ)†(I +
1

2
ιωρσM

ρσ − ιερP ρ) = I

=⇒ (I − 1

2
ιωρσM

ρσ† + ιερP
ρ†)(I +

1

2
ιωρσM

ρσ − ιερP ρ) = I
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=⇒ I +
1

2
ιωρσM

ρσ − ιερP ρ − 1

2
ιωρσM

ρσ† + ιερP
ρ† = I

=⇒ Mρσ† = Mρσand P ρ† = P ρ (23)

=⇒ Hermitian Operators

Since ωρσ is anti-symmetric, only the anti-symmetric part in Mρσ would contribute.

=⇒ Mρσ = −Mσρ (24)

Transformation properties of Mρσ and P ρ

Eq 19 gives U−1(Λ, a) = U(Λ−1,−Λ−1a) (25)

Now using equation 25

U(Λ, a)U(1 + ω, ε)U−1(Λ, a) = U(Λ, a)U(1 + ω, ε)U(Λ−1,−Λ−1a)

Using the composition rule i.e; equation 19 we have

U(Λ, a)U(1 + ω, ε)U(Λ−1,−Λ−1a) = U(Λ, a)U((1 + ω)Λ−1, (1 + ω)(−Λ−1a) + ε)

= U(Λ(1 + ω)Λ−1,Λ((1 + ω)(−Λ−1a) + ε) + a)

=⇒ U(Λ, a)U(1 + ω, ε)U−1(Λ, a) = U(Λ(1 + ω)Λ−1,Λε− ΛωΛ−1a) (26)

Using expansion 22 in relation 26 we have upto first order in ω and ε

U(Λ, a)(I +
1

2
ιωρσM

ρσ − ιερP ρ)U−1(Λ, a) = U(Λ(1 + ω)Λ−1,Λε− ΛωΛ−1a)

Writing an expansion of r.h.s in above as in expansion 22 we have

U(Λ, a)(I +
1

2
ιωρσM

ρσ − ιερP ρ)U−1(Λ, a) = I +
1

2
ι(ΛωΛ−1)µνM

µν − ι(Λε− ΛωΛ−1a)µP
µ

= I +
1

2
ιΛµ

ρωρσ(Λ−1)σνM
µν − ι(Λµ

ρερ − Λµ
ρωρσ(Λ−1)σνa

ν)P µ

Relation between Λ−1 and Λ
(Λ−1)ρν = Λν

ρ ≡ ηνµη
ρσΛµ

σ (27)

=⇒ U(Λ, a)(I+
1

2
ιωρσM

ρσ−ιερP ρ)U−1(Λ, a) = I+
1

2
ιΛµ

ρωρσΛν
σMµν−ι(Λµ

ρερ−Λµ
ρωρσΛν

σaν)P µ

=⇒ U(Λ, a)IU−1(Λ, a) +
1

2
ιωρσU(Λ, a)MρσU−1(Λ, a)− ιερU(Λ, a)P ρU−1(Λ, a)

= I + (
1

2
ιMµν + ιaνP µ)Λµ

ρΛν
σωρσ − ι(Λµ

ρP µ)ερ

Equating the coefficients of ωρσ and ερ on both side and considering only the anti-symmetric
part of Λµ

ρΛν
σaνP µ, since only it contributes when multiplied by ωρσ(anti-symmetric)

U(Λ, a)MρσU−1(Λ, a) = Λµ
ρΛν

σ(Mµν + aνP µ − aµP ν) (28)

U(Λ, a)P ρU−1(Λ, a) = Λµ
ρP µ (29)
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Consider (Λ, a) to be infinitesimal transformation as in expansion 22. Then the L.H.S from
relation 28 can be written as

U(1 + ω, ε)MρσU−1(1 + ω, ε) = (I +
1

2
ιωµνM

µν − ιεµP µ)Mρσ(I − 1

2
ιωµνM

µν + ιεµP
µ)

Upto first order in ω and ε we can write

= Mρσ − 1

2
ιMρσωµνM

µν + ιMρσεµP
µ +

1

2
ιωµνM

µνMρσ − ιεµP µMρσ

= Mρσ − ι(1

2
MρσωµνM

µν −MρσεµP
µ) + ι(

1

2
ωµνM

µνMρσ − εµP µMρσ)

=⇒ U(1 + ω, ε)MρσU−1(1 + ω, ε) = Mρσ + ι

[
1

2
ωµνM

µν − εµP µ,Mρσ

]
(30)

R.H.S from relation 28 can be written as, using expansion 20

Λµ
ρΛν

σ(Mµν + aνP µ − aµP ν) = (δµ
ρ + ωµ

ρ)(δν
σ + ων

σ)(Mµν + ενP µ − εµP ν)

= (δµ
ρδν

σ + δµ
ρων

σ) + ωµ
ρδν

σ +O[ω2])(Mµν + aνP µ − aµP ν)

=⇒ Λµ
ρΛν

σ(Mµν + aνP µ − aµP ν) = Mρσ − ερP σ + εσP ρ + ων
σMρν + ωµ

ρMµσ (31)

From equations 28, 30 and 31 we can write

ι

[
1

2
ωµνM

µν − εµP µ,Mρσ

]
= ων

σMρν + ωµ
ρMµσ − ερP σ + εσP ρ (32)

Following on the same line of arguments and using equation 29 we have

ι

[
1

2
ωµνM

µν − εµP µ, P ρ

]
= ωµ

ρP µ (33)

We can write equation 32 as

ι
1

2
(ωµν [Mµν ,Mρσ]− εµ [P µ,Mρσ]) = ωνµη

µσMρν + ωµνη
νρMµσ − εµηµρP σ + εµη

µσP ρ

=⇒ ι
1

2
ωµν [Mµν ,Mρσ]− ιεµ [P µ,Mρσ] = ωµν (ηνρMµσ − ηµσMρν)− εµ (ηµρP σ − ηµσP ρ) (32′)

Since, ωµν is anti-symmetric, only the anti-symmetric coefficient of ωµν in the R.H.S contributes.
Equating the coefficients of ωµν and εµ on both sides of (32’) and (33), we get

ι [Mµν ,Mρσ] = ηνρMµσ − ηµσMρν − ηµρMνσ + ηνσMρµ (34)

ι [P µ,Mρσ] = ηµρP σ − ηµσP ρ (35)

[P µ, P ρ] = 0 (36)

As expected, we get the commutation relations (7) corresponding to boosts and rotations
(homogeneous Lorentz transformations) and two other commutators involving translation op-
eration. These commutators form the Lie algebra of the Poincaré group.
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Conserved Operators

In commutator 36 identifying P 0 = H and P i, i ∈ {1, 2, 3} we can write[
P 0, P i

]
≡
[
H,P i

]
= 0 (37)

=⇒ these are conserved operators

Similarly from commutator 35 we can write[
P 0,Mρσ

]
= η0ρP σ − η0σP ρ

Now for ρ, σ 6= 0 we can write [
P 0,Mρσ

]
= 0 (38)

=⇒ {M12,M23,M31} commute with H and hence are conserved operators,

identified as angular −momentum operators

For ρ or σ = 0 we see that {M01,M02,M03} ≡ K’s do not commute with H. These are the
boosts. Using relations 8 and 9 and also writing P 0 = H we can write the Lie algebra in three
dimensional notations as

[Li, Lj] = ιεijkLk (39)

[Ki, Lj] = ιεijkKk (40)

[Ki, Kj] = −εijkLk (41)

[Li, Pj] = ιεijkPk (42)

[Ki, Pj] = −ιHδij (43)

[Ki, H] = −ιPi (44)

[Pi, Pj] = 0 (45)

[Li, H] = 0 (46)

[Pi, H] = 0 (47)

[H,H] = 0 (48)

We see that Poincaré algebra is a ten-dimensional Lie algebra, with ten generators(three for
rotations, three for boosts and four for spacetime translations).

Conformal group

Conformal transformations

A conformal group is a group of (non-linear) coordinate transformations which leaves the metric
invariant upto a scale. That is, referring to relation 1,

ηµνdx̃
µ dx̃ν = S(x) ηρσdx

ρ dxσ (49)

i.e; ηµν ∂ρx̃
µ ∂σx̃

νdxρ dxσ = S(x) ηρσdx
ρ dxσ

=⇒ ηµν ∂ρx̃
µ ∂σx̃

ν = S(x) ηρσ (50)

We see that for S(x) = 1 in equation 49 gives back the Lorentz condition, equation 1. There-
fore, Poincaré transformations are a special case of conformal transformations.
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Next we consider a general infinitesimal coordinate transformation as:

x̃a = xa + fa(x) (51)

Using this transformation in equation 50 we can write

ηµν
∂

∂xρ
(xµ + fµ)

∂

∂xσ
(xν + f ν) = S(x) ηρσ

=⇒ ηµν (δµρ +
∂fµ

∂xρ
)(δνσ +

∂f ν

∂xσ
) = S(x) ηρσ

i.e; ηµν (δµρδ
ν
σ +

∂fµ

∂xρ
δνσ + δµρ

∂f ν

∂xσ
) = S(x) ηρσ

=⇒ ∂ρfσ + ∂σfρ = (S(x)− 1) ηρσ (52)

Now taking the trace of equation 52 we get

ηρσ (∂ρfσ + ∂σfρ) = (S(x)− 1) ηρσηρσ ≡ Λ(x)ηρσηρσ

(∂σfσ + ∂ρfρ) = (S(x)− 1) n ≡ Λ(x)n

=⇒ 2(∂ · f) = nΛ(x) (53)

Using equation 53 we can write equation 52 as

=⇒ ∂ρfσ + ∂σfρ =
2

n
(∂ · f) ηρσ (54)

Finding the form of fa

Applying a derivative on equation 52 as

∂c (∂ρfσ + ∂σfρ) = ηρσ∂cΛ

and taking a cyclic permutation (cρσ)→ (ρσc) we can write above as

∂ρ (∂σfc + ∂cfσ) = ησc∂ρΛ (55)

again doing (ρσc)→ (σcρ) we can write equation 55 as

∂σ (∂cfρ + ∂ρfc) = ηcρ∂σΛ (56)

Now subtracting equation 56 from equation 55 we have

∂ρ (∂σfc + ∂cfσ)− ∂σ (∂cfρ + ∂ρfc) = ησc∂ρΛ− ηcρ∂σΛ

=⇒ ∂c (∂ρfσ − ∂σfρ) = ησc∂ρΛ− ηcρ∂σΛ (57)

Integrating equation 57∫
∂c (∂ρfσ − ∂σfρ) dxc =

∫
(ησc∂ρΛ− ηcρ∂σΛ) dxc

=⇒ ∂ρfσ − ∂σfρ =

∫
(∂ρΛ dxσ − ∂σΛ dxρ) + 2ωρσ (58)
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Where ωρσ is an anti-symmetric constant tensor, since L.H.S is anti-symmetric in ρ and σ. Now
adding equation’s 52 and 58 we can write

2 ∂ρfσ = ηρσΛ +

∫
(∂ρΛ dxσ − ∂σΛ dxρ) + 2ωρσ (59)

Integrating equation 59, we can write∫
dxρ∂ρfσ = fσ =

1

2

∫
ηρσΛ dxρ +

1

2

∫
dxρ

∫
(∂ρΛ dxσ − ∂σΛ dxρ) +

∫
dxρωρσ + aσ

Thus, fa = aa + ωbaxb +
1

2

∫
dxaΛ +

1

2

∫
dxb
∫

(∂bΛ dxa − ∂aΛ dxb) (60)

Once the function Λ is found, the conformal killing vector f can be determined from equation
60. So, next we find the function Λ. But before that, we see that the first two terms in equa-
tion 60 represent the Poincaré transformations. This is the case when Λ = 0 ≡ S = 1, which
corresponds to coordinate transformations that do not change the form of the metric, as from
equation 49.

Finding Λ
Contracting equation 57 in c and ρ as

ηcρ (∂c (∂ρfσ − ∂σfρ) = ησc∂ρΛ− ηcρ∂σΛ)

=⇒ ∂ρ (∂ρfσ − ∂σfρ) = δρσ∂ρΛ− n∂σΛ

=⇒ ∂ρ∂ρfσ − ∂ρ∂σfρ = ∂σΛ− n∂σΛ

=⇒ ∂2fσ − ∂σ(∂ · f) = (1− n)∂σΛ

Now using Λ =
2

n
(∂ · f) we can write above as

=⇒ ∂2fσ = (1− n

2
)∂σΛ (61)

Taking derivative of equation 61 we can write

∂ρ∂
2fσ = (1− n

2
)∂ρ∂σΛ

∂2∂ρfσ = (1− n

2
) ∂ρ∂σΛ︸ ︷︷ ︸

symmetric

=⇒ 1

2
∂2(∂ρfσ + ∂σfρ) = (1− n

2
)∂ρ∂σΛ

Using equation 54 in above we get

(2− n)∂ρ∂σΛ = ηρσ∂
2Λ (62)

Now contracting equation 62 with ηρσ as

(2− n)ηρσ∂ρ∂σΛ = ηρσηρσ∂
2Λ
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=⇒ (2− n)∂2Λ = ∂2Λ

=⇒ (n− 1)∂2Λ = 0

=⇒ ∂2Λ = 0 for n > 1 (63)

Putting equation 63 in equation 62 we get

∂ρ∂σΛ = 0 for n > 2 (64)

Equation 64 suggests that Λ is at most linear in the coordinates, i.e;

Λ(x) = −2α + 4cax
a (65)

Putting equation 65 in equation 60 and doing the integration we find the infinitesimal trans-
formation

fa = aa+ωbaxb+
1

2

∫
dxa(−2α+4cbx

b)+
1

2

∫
dxb
∫ (

∂b(−2α + 4cβx
β) dxa − ηab∂b(−2α + 4cβx

β) dxb
)

= aa + ωbaxb − αxa +
4

2
cb

∫
xbdxa +

1

2

∫
dxb
(

4cb

∫
dxa − 4ηaγcγ

∫
dxb

)
= aa + ωbaxb − αxa + 2cb

∫
xbdxa + 2cb

∫
xadxb − 2ηaγcγ

∫
xbdx

b

= aa + ωbaxb − αxa + 2cb

∫
d(xaxb)− ηabcb x2

=⇒ fa = aa + ωbaxb − αxa + cb (2 xaxb − ηab x2) (66)

In a n-dimensional space, first term gives n-translations, second term gives
n2 − n

2
Lorentz

transformations, third term gives one dilation(scaling) and the fourth term gives n- special

conformal transformations. Hence, we have n +
n2 − n

2
+ 1 + n =

(n+ 1)(n+ 2)

2
parameters

for a general transformation.

Note: for n=2 in equation 62 ; equation 64 which is crucial for finiteness of the confor-
mal group, C(1, n− 1). For n=2 every harmonic function Λ determines a solution ⇒ C(1, 1) is
infinite dimensional.

Conformal algebra

Defining δA to be the generators of the A-type coordinate transformation, whereA ≡ {T, L,D,C}
and T := translation, L := Lorentz transformation, D := dilation and C := special conformal
transformation. The conformal killing vector f can be written as

fa = λAδ
(λ)
A xa (67)

where λA ≡ (aa,
1

2
ωab, α, ca)

where δA are defined as follows:

δcT x
a = ηca (68)

=⇒ fa = ac δ
c
T x

a = ac η
ca = aa
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δabL xc = ηbcxa − ηacxb (69)

=⇒ f c =
1

2
ωabδ

ab
L xc =

1

2
ωab(η

bcxa − ηacxb)

=
1

2
(ωabη

bcxa − ωabηacxb)

=
1

2
(−ωbaηbcxa − ωcbxb)

=
1

2
(−ωcaxa − ωcbxb)

=
1

2
(−ωcb − ωcb) xb

= −ωcb xb = −ωcbηbαxα = −ωcαxα = ωαcxα

δD xa = −xa (70)

=⇒ fa = αδD xa = −αxa

δcC xa = 2xcxa − ηcax2 (71)

=⇒ fa = ccδ
c
C xa = cc(2x

cxa − ηcax2)

From above we can infer the following:

δaT x
b ≡ ∂axb = ηaβ∂βx

b = ηaβδbβ = ηab (72)

δabL xc = (xa∂b − xb∂a)xc = ηbcxa − ηacxb (73)

δD xa = −xα∂αxa = −xαδaα = −xa (74)

δcC xa = (2xcxα∂α − x2∂c)xa = 2xcxa − ηcax2 (75)

Now we can explicitly arrive at the conformal algebra:[
δaT , δ

b
T

]
= δaT δ

b
T − δbT δaT = ∂a ∂b − ∂b ∂a = 0 (76)[

δabL , δ
c
T

]
= δabL δcT − δcT δabL (77)

= (xa∂b − xb∂a) ∂c − ∂c (xa∂b − xb∂a)
= xa∂b∂c − xb∂a∂c − (∂cxa)∂b − xa∂c∂b + (∂cxb)∂a + xb∂c∂a

= −(∂cxa)∂b + (∂cxb)∂a

=⇒
[
δabL , δ

c
T

]
= −ηca∂b + ηcb∂a = ηcbδaT − ηcaδbT

[
δabL , δ

cd
L

]
= δabL δcdL − δcdL δabL (78)

= (xa∂b − xb∂a) (xc∂d − xd∂c)− (xc∂d − xd∂c) (xa∂b − xb∂a)
= xa(∂bxc)∂d + xaxc∂b∂d − xa(∂bxd)∂c − xaxd∂b∂c

−xb(∂axc)∂d − xbxc∂a∂d + xb(∂axd)∂c + xbxd∂a∂c

−xc(∂dxa)∂b − xcxa∂d∂b + xc(∂dxb)∂a + xcxb∂d∂a

+xd(∂cxa)∂b + xdxa∂c∂b − xd(∂cxb)∂a − xdxb∂c∂a

= xa(∂bxc)∂d − xa(∂bxd)∂c − xb(∂axc)∂d + xb(∂axd)∂c
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−xc(∂dxa)∂b + xc(∂dxb)∂a + xd(∂cxa)∂b − xd(∂cxb)∂a

= xaηbc∂d − xaηbd∂c − xbηac∂d + xbηad∂c

−xcηda∂b + xcηdb∂a + xdηca∂b − xdηcb∂a

= ηbc(xa∂d − xd∂a) + ηbd(xc∂a − xa∂c)
+ηac(xd∂b − xb∂d) + ηad(xb∂c − xc∂b)[

δabL , δ
cd
L

]
= ηbcδadL + ηbdδcaL + ηacδdbL + ηadδbcL

[δD, δ
a
T ] = δD δaT − δaT δD (79)

= −xα∂α∂a + ∂a(xα∂α)

= −xα∂α∂a + (∂axα)∂α + xα∂a∂α = (∂axα)∂α

=⇒ [δD, δ
a
T ] = ηaα∂α = ∂a = δaT

[δD, δD] = δD δD − δD δD (80)

=⇒ [δD, δD] = xα∂α(xβ∂β)− xβ∂β(xα∂α) = 0[
δabL , δD

]
= δabL δD − δD δabL (81)

= −(xa∂b − xb∂a) (xγ∂γ) + (xγ∂γ) (xa∂b − xb∂a)
= −xa(∂bxγ)∂γ − xaxγ∂b∂γ + xb(∂axγ)∂γ + xbxγ∂a∂γ

+xγ(∂γx
a)∂b + xγxa∂γ∂

b − xγ(∂γxb)∂a − xγxb∂γ∂a

=⇒
[
δabL , δD

]
= 0

[δD, δ
a
C ] = δD δaC − δaC δD (82)

= (−xγ∂γ) (2xaxα∂α − x2∂a) + (2xaxα∂α − x2∂a) (xγ∂γ)

=⇒ [δD, δ
a
C ] = −(2xaxα∂α − x2∂a) = −δaC[

δaC , δ
b
C

]
= δaC δbC − δbC δaC (83)

= (2xaxα∂α − x2∂a) (2xbxβ∂β − x2∂b)
−(2xbxβ∂β − x2∂b) (2xaxα∂α − x2∂a)

=⇒
[
δaC , δ

b
C

]
= 0[

δabL , δ
c
C

]
= δabL δcC − δcC δabL (84)

= (xa∂b − xb∂a) (2xcxα∂α − x2∂c)
−(2xcxα∂α − x2∂c) (xa∂b − xb∂a)

=⇒
[
δabL , δ

c
C

]
= ηbcδaC − ηacδbC[

δaC , δ
b
T

]
= δaC δbT − δbT δaC (85)

= (2xaxα∂α − x2∂a) ∂b − ∂b (2xaxα∂α − x2∂a)
= 2xaxβ∂β∂

b − x2∂a∂b − 2∂b(xaxβ)∂β

−2xaxβ∂b∂β + ∂b(xγx
γ)∂a + x2∂b∂a

= −2ηbaxβ∂β + 2(xb∂a − xa∂b)
=⇒

[
δaC , δ

b
T

]
= 2ηbaδD − 2δabL
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We summarise the Lie algebra of the conformal group from above:[
δaT , δ

b
T

]
= 0 (86)[

δabL , δ
c
T

]
= ηcbδaT − ηcaδbT (87)[

δabL , δ
cd
L

]
= ηbcδadL + ηbdδcaL + ηacδdbL + ηadδbcL (88)

[δD, δ
a
T ] = δaT (89)

[δD, δD] = 0 (90)[
δabL , δD

]
= 0 (91)

[δD, δ
a
C ] = −δaC (92)[

δaC , δ
b
C

]
= 0 (93)[

δabL , δ
c
C

]
= ηbcδaC − ηacδbC (94)[

δaC , δ
b
T

]
= 2ηbaδD − 2δabL (95)

Now by defining the basis as below

ιpa = ∂a (96)

ιjab = (xa∂b − xb∂a) (97)

ιd = −xα∂α (98)

ιka = 2xaxβ∂β − x2∂a (99)

With these notations for the generators, we can write the Lie algebra(86-95)[
pa, pb

]
= 0 (100)

ι
[
jab, pc

]
= ηcapb − ηcbpa (101)

ι
[
jab, jcd

]
= ηbcjad − ηbdjac − ηacjbd + ηadjbc (102)

ι [d, p] = p (103)

[d, d] = 0 (104)[
jab, d

]
= 0 (105)

ι [d, k] = −k (106)[
ka, kb

]
= 0 (107)

ι
[
jab, kc

]
= ηackb − ηbcka (108)

ι
[
ka, pb

]
= 2ηabd− 2jab (109)

Next we consider various subgroups of the conformal group and the corresponding Lie subal-
gebra and obtain unitary representation

Lie subalgebras

Subgroup: Scale + Translation

We consider the transformation

x̃ = T (α, a)x = eα x+ a (110)
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Next we consider two such transformations

T (α, a)T (β, b)x = T (α, a)(eβ x+ b)

= eα (eβ x+ b) + a

= eα+β x+ beα + a

=⇒ T (α, a)T (β, b) = T (α + β, a+ beα) (111)

Following the same line of arguments we can show that

{T (α, a)T (β, b)}T (γ, c) ≡ T (α, a){T (β, b)T (γ, c)} = T (α + β + γ, a+ beα + ceα+β) (112)

Using the multiplication law(equation 111) we can show that

T (α, a)T (0, 0) = T (α, a) (113)

=⇒ T (0, 0) is the Identity element

T (α, a)T (−α,−ae−α) = T (α− α, a+ (−ae−α)eα)

= T (0, 0) = T (−α,−ae−α)T (α, a)

T−(α, a) = T (−α,−ae−α) (114)

=⇒ An Inverse exists

Therefore, {T (α, a)} forms a group with the multiplication law as in equation 111. These co-
ordinate transformations induce unitary linear transformations on the vectors(quantum states)
in the physical Hilbert space. These form a unitary representation of the group.

U(α, a)U(β, b) = U(α + β, a+ beα) (115)

U(0, 0) = U(E) Identity operator (116)

U−(α, a) = U(−α,−ae−α) Inverse (117)

For infinitesimal coordinate transformations, U with parameters (α,a) can be written as

U(α, a) ≈ 1 + ιαD + ιaaPa (118)

Since U is unitary; (D,P) are Hermitian.

Transformation laws of D and P
Similar to finding the transformation laws of the generators of the Poincaré algebra we can find
the transformation laws of D and P by first showing

U(β, b)U(α, a)U−1(β, b) = U(α, aeβ − αb) (119)

using the composition rule in relation 111 and considering (α, a) to infinitesimal. Here (β,
b) are parameters of the new transformation unrelated to (α,a). Next, for infinitesimal (α, a)
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transformation we can write relation 119 as

U(β, b)(1 + ιαD + ιaaPa)U−1(β, a) = U(α, aeβ − αb)
L.H.S = 1 + ιαU(β, b)DU−1(β, a) + ιaaU(β, b)PaU−1(β, a)

R.H.S = U(α, aeβ − αb)
= 1 + ιαD + ι(aeβ − αb)aPa

= 1 + ια(D − baPa) + ιaaeβPa

Now equating coefficients of α and aa on both sides

=⇒ UDU−1 = D − baPa
U−1DU = D + baU−1PaU
and =⇒ UPaU−1 = eβPa

U−1PaU = e−βPa ≡ P̄a (120)

=⇒ D̄ ≡ U−1DU = D + baP
ae−β (121)

Next we consider (β,b) to be infinitesimal and use

U−1(β, b) = U(−β,−be−β) ≈ U(−β,−b(1− β)) = U(−β,−b) (122)

Now from relation 120 and 121 we can write

(1− ιβD + ιblP
l)P a(1 + ιβD + ιblP

l) = (1− β +O[β2])P a

Equating coefficients of β on both sides we get

ιDP a − P aιD = P a

=⇒ [ιD, P a] = P a (123)

Also, equating coefficients of bl on both sides we get

−ιP lP a + P aιP l = 0

=⇒
[
ιP l, P a

]
= 0 (124)

Similarly considering the other relation we get

[ιD,D] = 0 (125)

Commutators 123-125 form the Lie subalgebra of the group of scale and translation.

Subgroup: Poincaré group

This has been worked out in detail on page 10-12.

Subgroup: Scale + Lorentz

We consider here the following transformation

x̃ = T (α,Λ)x = eα Λ x (126)

Next, consider two such transformations to get the multiplication law of the subgroup

T (α,Λ)T (β, Λ̄)x = T (α,Λ)(eβ Λ̄ x)

= eαΛ(eβ Λ̄ x)

= eα+β Λ Λ̄ x

=⇒ T (α,Λ)T (β, Λ̄) = T (α + β,ΛΛ̄) (127)
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The unitary transformations have the same composition rule

U(α,Λ)U(β, Λ̄) = U(α + β,ΛΛ̄) (128)

From the composition rule(128) we see that

U(α, 1)U(0,Λ)U(−α, 1) = U(0,Λ) (129)

Next, for infinitesimal (α,Λ) we can write

U(α, 1) = 1 + ιαD (130)

U(0,Λ) = 1 +
ι

2
ω · J (131)

U−1(α, 1) = 1− ιαD (132)

Using the infinitesimal expansions for U(0,Λ) in relation 129 we can write

U(α, 1)(1 +
ι

2
ωabJ

ab)U(−α, 1) = 1 +
ι

2
ωabJ

ab

=⇒ U(α, 1)JabU(−α, 1) = Jab (133)

Next we use the expansions 130 and 132 in relation 133

U(α, 1)JabU(−α, 1)

= (1 + ιαD)Jab(1− ιαD) = Jab

=⇒
[
ιJab, D

]
= 0 (134)

Next we postulate that Kc is a Lorentz vector and that the algebra is complete with generators
P a, Jab, D and Kc [

ιJab, Kc
]

= ηacKb − ηbcKa (135)

With this postulate and the subalgebras derived in the previous sections we can derive the
complete algebra of the group using Jacobi Identities.

We have

[ιD,Ka] = aKa + bP a (136)[
ιKa, Kb

]
= cJab (137)[

ιKa, P b
]

= dηabD − dJab (138)

Using (136) we can verify the Jacobi Identities with J :[
ιJab, [ιD,Kc]

]
+
[
ιD,

[
ιKc, Jab

]]
+
[
ιKc,

[
ιJab, D

]]
=
[
ιJab, aKc + bP c

]
+
[
ιD, ηbcKa − ηacKb

]
+ [ιKc, 0]

= a
[
ιJab, Kc

]
+ b
[
ιJab, P c

]
+ ηbc [ιD,Ka]− ηac

[
ιD,Kb

]
= a (ηacKb − ηbcKa) + b (ηacP b − ηbcP a)

+ηbc (aKa + bP a)− ηac (aKb + bP b) = 0

=⇒
[
ιJab, [ιD,Kc]

]
+
[
ιD,

[
ιKc, Jab

]]
+
[
ιKc,

[
ιJab, D

]]
= 0 (139)
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Similarly the others can be verified. Next we use the Jacobi Identities to find the values for the
constants a,b,c and d. [

ιD,
[
ιKa, P b

]]
+
[
ιKa,

[
ιP b, D

]]
+
[
ιP b, [ιD,Ka]

]
=
[
ιD, dηabD − dJab

]
+
[
ιKa,−P b

]
+
[
ιP b, aKa + bP a

]
= dηab [ιD,D]− d

[
ιD, Jab

]
+
[
ιKa,−P b

]
+ a

[
ιP b, Ka

]
+ b
[
ιP b, P a

]
= dηab(0)− d(0)−

[
ιKa, P b

]
− a

[
ιKa, P b

]
+ b(0)

= (−1− a)
[
ιKa, P b

]
= 0

=⇒ a = −1 (140)

Similarly using the following Jacobi Identities we can infer that c = bd = 0[
ιD,

[
ιKa, Kb

]]
+
[
ιKa,

[
ιKb, D

]]
+
[
ιKb, [ιD,Ka]

]
= 0 (141)[

ιP a,
[
ιKb, Kc

]]
+
[
ιKb, [ιKc, P a]

]
+
[
ιKc,

[
ιP a, Kb

]]
= 0 (142)

Now, the choice b = 0 and d = 2 is compatible with the previous calculations. Even
[
ιKa, P b

]
=

0 is compatible with the Jacobi Identities but then we will have an arbitrary real factor in
[ιD,Ka]. Therefore to summarise,

[ιD,Ka] = −Ka (143)[
ιKa, Kb

]
= 0 (144)[

ιKa, P b
]

= 2ηabD − 2Jab (145)

Isomorphism to SO(2,n)

SO(2,n) is the ”Lorentz” group in a (n+2)-dimensional flat spacetime. It can be considered as
the set of pseudo-orthogonal transformations in (n+2)-dimensional flat spacetime. The metric
is identified as

ηµν = (−1, 1, ηab) (146)

Where (µ, ν) = −2,−1, 0, 1, . . . , n− 1 and (a, b) = 0, 1, . . . , n− 1. The Lie algebra of SO(2,n)
is as before,

[ιMµν ,Mρσ] = ηνρMµσ + ηµσMνρ − ηµρMνσ − ηνσMµρ (147)

Both SO(2,n) and C(1,n-1) have the same number of generators (=
(n+ 1)(n+ 2)

2
). Now, by

defining the following generators we can recover the conformal algebra

M−2,−1 = D (148)

Mab = Jab (149)

M−2,a =
1

2
(P a −Ka) (150)

M−1,a =
1

2
(P a +Ka) (151)

Hence, the isomorphism of C(1,n-1) to SO(2,n) is established.
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Conformal invariance in nature

We know that Poincaré invariance is realised in nature (special relativistic laws based on the
invariance hold for all inertial observers). However, conformal invariance(for n > 2) is not a
symmetry of nature. To see that, consider

[ιD, P a] = P a (152)

the commutator of conformal algebra. Consider

O(α) = e−ιαD P 2 eιαD

dO(α)

dα
= e−ιαD

[
ιD, P 2

]
eιαD

= −2e−ιαD P 2 eιαD

= −2O(α)

O(α) = e−2α O(0) = e−2αP 2

=⇒ e−ιαD P 2 eιαD = e−2αP 2 (153)

Now, if |P > is some one-particle state with mass m

P 2|P >= m2|P >

then the state |P̄ > has a mass given by m̄2 = e2αm2

where |P̄ >= e−ιαD|P > (154)

P 2|P̄ >= P 2e−ιαD|P >

= e2αe−ιαDP 2|P > (using 153)

= e2αm2e−ιαD|P >= e2αm2|P̄ >

That is P 2|P̄ >= e2αm2|P̄ > (155)

This means P a|P̄ >= eα |P̄ >. If the vacuum is invariant under the scale transformation i.e;
e−ιαD|0 >= |0 >, there is a single vacuum state from which all states must be constructed.
Thus, |P >= a†(P )|0 > and |P̄ >= a†(eαP )|0 >. In other words, conformal invariance requires
that for each momentum state |P >, there exists a rescaled momentum state |P̄ >= |eαP >.
This means that for each state of mass m, there exist states with mass given by eαm. Since α
is an arbitrary real constant, conformal invariance implies that either all states have mass zero
or that there is a continuous mass spectrum. Both implications are physically unacceptable.
Hence, conformal symmetry is not thought to be relevant to the physical world.

In this report we have not considered the n =2 case(for which conformal algebra is infinite
dimensional). Conformal symmetries for n=2 case is considered in some advanced theories(like
string theory) that is beyond the scope of this project. For n > 2, though conformal invariance
is not satisfied by nature, it is possible that broken conformal invariance (broken spontaneously
or otherwise) may have some significance.
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